Light-Cone Distribution Amplitudes of Axial-vector Mesons by Yang, Kwei-Chou
ar
X
iv
:0
70
5.
06
92
v3
  [
he
p-
ph
]  
7 O
ct 
20
10
February, 2007
Light-Cone Distribution Amplitudes of Axial-vector
Mesons
Kwei-Chou Yang
Department of Physics, Chung Yuan Christian University
Chung-Li, Taiwan 320, Republic of China
Abstract
We have presented a detailed study of twist-2 and twist-3 light-cone distribution amplitudes
of 13P1 and 1
1P1 axial-vector mesons, based on QCD conformal partial wave expansion.
Applying equations of motion, the twist-three two-parton light-cone distribution amplitudes
can be expressed in terms of leading-twist and twist-three three-parton light-cone distribu-
tion amplitudes. The relevant G-parity invariant and violating parameters, containing the
corrections due to the SU(3) breaking effects, are evaluated from the QCD sum rule method.
The results for axial-vector decay constants of 13P1 states are presented. The values of tensor
decay constants and Gegenbauer moments of the leading twist distribution amplitudes for
11P1 states are updated. Using Gell-Mann-Okubo mass formula, the mixing angle for the f8
and f1 of 1
3P1 states is θ3P1 ∼ 38◦, and that for h8 and h1 of 11P1 states is θ1P1 ∼ 10◦. The
detailed properties for physical states f1(1285), f1(1420), h1(1170), and h1(1380) are given.
Assuming the mixing angle between K1A and K1B to be θK = 45
◦ or −45◦, we also give the
detailed study for K1(1270) and K1(1400). Using the conformal partial wave expansion, we
obtain the models for light-cone distribution amplitudes, containing contributions up to con-
formal spin 9/2. It is interesting to note that some distribution amplitudes have significant
asymmetric behaviors, which should be phenomenologically attractive.
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1 Introduction
For an energetic light hadron moving nearly on the light-cone in the reference frame, its dis-
tribution amplitudes can be described by a set of light-cone distribution amplitudes (LCDAs)
[1, 2]. The LCDAs are governed by the special collinear subgroup SL(2,R) of the confor-
mal group[1, 2]. There are four generators for the SL(2,R) group. Three of generators
describe the generalized rotations in the SL(2,R) space, where the rotational invariance is
characterized by the so-called conformal spin j, in analogy to the orbital quantum number
in quantum mechanics of having spherically symmetric potential. The remaining generator
counting the collinear twist commutes with the rest generators in the SL(2,R) group; thus,
in the mathematical spirit, the concept of “collinear twist” is equivalent to the “energy” in
quantum mechanics, and, in other words, the SL(2,R) group are satisfied by the same Lie
algebra as the O(3) group.
The conformal partial wave expansion of a light-cone distribution amplitude is fully analo-
gous to the partial wave expansion of a wave function in quantum mechanics. Each conformal
partial wave is labeled by the specific conformal spin j. On the other hand, for a hadron mov-
ing nearly on the light-cone, the transverse separation of the partons corresponding to the
two-dimensional transverse plane (0, x1, x2, 0) is characterized by the SL(2,C) group. More-
over, the collinear SL(2,R) and transverse SL(2,C) groups are not independent because they
share the same dilation generator. Integrating out the transverse degrees of freedom, which
is governed by renormalization group (RG) equation, yields the scale-dependent behavior
for each conformal partial wave amplitude of a hadronic LCDA. The conformal invariance
in QCD exhibits that for leading twist LCDAs there is no mixing among conformal partial
wave amplitudes with different conformal spins to leading logarithmic accuracy, while, for
higher twist LCDAs, because there may exist multiple operators with the same conformal
spin, the corresponding conformal partial amplitudes with the same conformal spin can mix
as the scale is changed. Roughly speaking, to leading logarithmic accuracy, the anomalous
dimensions rise logarithmically with conformal spin. This implies that contributions of con-
formal operators with high conformal spins are suppressed at large scale; for instance, the
well-known leading twist LCDA of the pion reads φpi(u, µ → ∞) → 6u(1 − u), i.e., the
asymptotic amplitude with the lowest conformal spin 2, where u is the momentum fraction
carried by the quark (or anti-quark) in the pion. It is interesting to note that in the BFKL
approach [3, 4, 5, 6], the QCD scattering amplitude in the large energy limit is related to
the SL(2,C) group (see, e.g., the discussion in Ref. [2]).
Understanding the hadronic LCDAs is very important since in the QCD description
of various exclusive processes the amplitudes can be represented as the hadronic LCDAs
convoluted with the interacting hard kernel. The studies for the hadronic LCDAs were first
done by Chernyak and Zhinitsky [7]. They used the QCD sum rule approach to calculate
the moments of LCDAs of π,K, ρ,K∗ and some baryons. Ten years later, a conformal
description for multi-parton LCDAs was presented in more details in Ref. [1]. Most recently,
using conformal expansion together with equations of motion (EOMs), the different twist
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LCDAs for the light pseudoscalar and vector mesons have been systematically studied in
Refs. [8, 9, 10].
In the present paper, we devote to examining twist-2 and twist-3 LCDAs of light axial-
vector mesons with quantum numbers 13P1, 1
1P1 and their mixtures. The motivation of
this study is as follows. LCDAs of axial-vector mesons should be important for (exclu-
sive) phenomenologies involving axial-vector mesons. B0 → K1(1270)γ has recently been
measured by Belle [11], whereas the real physical states K1(1270) and K1(1400) are the
mixtures of ideal 13P1 (K1A) and 1
1P1 (K1B) states. The first charmless hadronic B decay
involving a 13P1 meson that has been observed is B
0 → a±1 (1260)π∓ [12, 13], which is rele-
vant to measurements of the unitarity triangle α ≡ φ2 of the Cabibbo-Kobayashi-Maskawa
(CKM). BaBar has recently extracted the effective value αeff from the measurements of CP -
violating asymmetries in the decay B0 → a±1 (1260)π∓ [14], where the bound on the difference
∆α = α − αeff can be constrained by using the broken SU(3) flavor symmetry [15]. On the
other hand, B(B → V A,A A) can be used to test QCD annihilation topology in B decays
and probe the new-physics signals, where V ≡ vector meson and A ≡ axial-vector meson
[16, 17].
So far, there is no literature for the calculations of LCDAs of axial-vector mesons except
my previous work about leading-twist LCDAs of 11P1 states [18]. In Ref. [18], we have
calculated the Gegenbauer moments (with conformal spins 0, 1, and 2) of the leading twist
LCDAs for the b1(1235), h1(1380) and K1B as well as their tensor decay constants. In this
paper, we will derive all parameters, relevant to the two- and three-parton LCDAs of twist-
2 and -3, with conformal spin up to 9/2. We take into account SU(3) breaking effects in
the sum rule calculations for G-parity invariant and violating parameters, where the latter
parameters should vanish in the SU(3) limit. The decay constants for axial-vector mesons
can be obtained by using the sum rules computed in Ref. [19], where the authors focused
on the studies of the masses and used a small value of αs. Considering the current value of
αs and the renormalization group improvement for sum rules, we also examine the masses
of the complete 13P1 set, which may offer information for the quality of the sum rules. Our
results for parameters relevant to LCDAs of axial-vector mesons are essentially original. To
determine the relative signs for parameters, one of the interpolating currents in the two-
point correlation function is adopted to be the local axial-vector current (or the local tensor
current) for 13P1 states (or 1
1P1 states). However, because the resultant f
⊥
3,3P1
sum rule does
not show reliable quality, we thus resort to the diagonal correlation function to calculate the
sum rule for this parameter. Fortunately, the related calculations can be found in Ref. [20],
where the sum rule is instead used to analyze the couplings for pseudoscalar mesons. The
detailed results are given in Subsec. 5.1.3. Except the formula f⊥3,3P1 can be adopted directly
from Ref. [20], we do not find any explicit results can be applied directly, but only two
equations can be compared with the results in the massless quark limit in the literature. See
discussions before and after Eq. (121) and after Eq. (244).
We also update the numerical results for the decay constants and leading twist LCDAs of
the 13P1 states, due to the following reasons. First, here we consider the uncertainties of the
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condensates and strange quark mass, which were not fully included in Ref. [18]. Meanwhile,
we re-examine the stability of the sum rules with requirement that the contributions from
excited states and from the highest dimension term in OPE expansion can be well under
control within the working Borel window. Second, in Ref. [18] we assumed that the prop-
erty of h1(1170) is the same as that of b1(1235), and the quark content of h1(1370) is s¯s.
Instead, we study the pure 11P1 states here. We estimate the singlet-octet mixing angle by
means of Gell-Mann-Okubo mass formula (see the detailed discussions in subsection 4.1).
Consequently, the physical properties for the real states h1(1170) and h1(1380) are obtained.
Third, the G-parity violating Gegenbauer moments were not evaluated correctly in Ref. [18]
because the corrections arising from the 13P1 states had been ignored. In the sum rule
calculations, for G-parity violating parameters, the contributions originating from 11P1 and
13P1 are always of the same order.
In the quark model, a 13P1 (1
1P1) meson is represented as a constituent quark-antiquark
pair with total spin S = 1 (0) and angular momentum L = 1 (1). Nevertheless, a real
hadron in QCD language should be described in terms of a set of Fock states for which each
state has the same quantum number as the hadron, and the leading-twist LCDAs are thus
interpreted as amplitudes of finding the meson in states with a minimum number of partons.
Interestingly, due to the G-parity, the leading-twist LCDA Φ⊥ (Φ‖) of a 1
3P1 (1
1P1) meson
defined by the nonlocal tensor current (nonlocal axial-vector current) is antisymmetric under
the exchange of quark and anti-quark momentum fractions in the SU(3) limit, whereas the
Φ‖ (Φ⊥) defined by the nonlocal axial-vector current (nonlocal tensor current) is symmetric.
The large magnitude of the first Gegenbauer moment of Φ‖ (Φ⊥) could have a large impact
on the longitudinal fraction of factorization-suppressed B decays involving a 11P1 (or 1
3P1)
meson evaluated in the QCD factorization framework [16, 17]. Furthermore, Φ⊥ is relevant
not only for exploring the tensor-type new-physics effects in B decays [16] but also for
B → K1γ studies [21].
This paper is organized as follows. A brief introduction for conformal partial wave ex-
pansions of LCDAs is provided in Sec. 2, where we first introduce the SL(2, R) group, and
then discuss the asymptotic LCDAs, two-parton and three-parton distribution amplitudes.
In earlier days, Appell’s polynomials were used to form the conformal basis in expanding
three-parton distribution amplitudes. However, the Appell’s polynomials are not mutual
orthogonal (see, e.g., Refs. [2, 22]). Following Ref. [2, 22, 23], we thus use the orthogonal
basis, which will be introduced in Sec. 2.2, to expand the three-parton LCDAs of twist-3.
The detailed collinear twist properties of LCDAs are collected in Appendix A.
Sec. 3 presents the notations, that we use in the paper, and definitions of LCDAs of
axial-vector mesons. Moreover, we apply the EOMs to obtain the relations among the
twist-two and twist-three light-cone distribution amplitudes, so that we can use a minimal
number of independent nonperturbative parameters to describe the distribution amplitudes.
EOMs in the QCD perturbative theory respect all symmetries given in the classical level;
in other words, conformal operators related by EOMs should have the same conformal spin.
Appendix B contains some relevant formulas of EOMs for the present work.
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Using the QCD sum rule technique [24], Secs. 4 and 5 are devoted to the determination of
relevant parameters of leading-twist and twist-3 three-parton LCDAs, respectively. In Sec. 4,
the physical properties of the axial-vector mesons such as the quark contents and decay
constants are discussed. The relevant inputs in the calculation are collected in Appendix C.
Sec. 6 contains explicit models for the twist-2 and twist-3 LCDAs of the axial-vector mesons.
Finally, we summarize in Sec. 7.
2 Conformal Partial Wave Expansions of LCDAs
The properties of fields living on the light-cone satisfy the SL(2,R) group, which is a collinear
subgroup of the full conformal group. The SL(2,R) group is governed by four generators
P+,M−+,D and K−. Here and below we introduce two light-like vectors n
µ and n¯µ which
satisfy nµn
µ = n¯µn¯
µ = 0 and nµn¯
µ = 1, so that for a general vector A we define A− ≡ Aµn¯µ
and A+ ≡ Aµnµ. In analogy to the space rotation in quantum mechanics, the three linear
combinations of the SL(2,R) generators can describe hyperbolic rotations, and have the
following commutation relations:
[L0,L∓] = ∓L∓ , [L−,L+] = −2L0 , (1)
where
L+ = −iPµnµ , L− = (i/2)Kµn¯µ , L0 = −(i/2)(D−Mµν n¯µnν) , (2)
with Pµ,Kµ,D and Mµν being the translation, special conformal transformation, dilation,
and Lorentz generators, respectively [25]. Following the standard quantum mechanical tech-
nique, the above generators acting on a field Φ(x−), which lives along the light-cone n¯
µ (in
other words, the state depends only on xµ = x−n
µ), yield
[L+,Φ(x−)] = −∂+Φ(x−) ≡ L+Φ(x−) , (3)
[L−,Φ(x−)] =
(
x2−∂+ + 2jx−
)
Φ(x−) ≡ L−Φ(x−) , (4)
[L0,Φ(x−)] = − (x−∂+ + j)Φ(x−) ≡ L0Φ(x−) , (5)
where j = (ℓ+ s)/2 with ℓ and s being the field’s scaling dimension and spin projection on
the light-cone, respectively. j is called the conformal spin since
[L2,Φ(x−)] = j(j − 1)Φ(x−) ≡ L2Φ(x−), (6)
where
L2 = L20 + L
2
1 + L
2
2 = L
2
0 − L0 + L+L− . (7)
The remaining generator of the SL(2,R) is symbolized as E = i(D+M−+) and satisfies
[E,Φ(x−)] = (ℓ− s)Φ(x−), (8)
[E,L2] = 0, [E,L0] = 0, (9)
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where ℓ− s = t is called the collinear twist1 of the field Φ(x−). See Appendix A for further
discussions. Therefore the role of E is analogous to the Hamiltonian in quantum mechanics,
and the twist corresponds to the eigenenergy of the Hamiltonian. In short, a LCDA defined
by (non-local composite) field operators of a given collinear twist can be expanded by using
the basis, which is made of the eigenstates of L2 and L0, as one does the partial wave
expansion in quantum mechanics. Such expansions for LCDAs are so-called conformal partial
wave expansions. In QCD, in the large scale limit and to leading logarithmic accuracy, we
have ℓ = ℓcan+ γ, where ℓcan and γ are the canonical and anomalous dimensions of the field,
respectively.
A generic multi-parton distribution amplitude is defined through the matrix element of
a multi-local operator
〈0|Φm(xm−) · · ·Φ1(x1−)|p〉 ∼
∫
[du] e−ip(x1u1+···+xmum)φ(u1, · · · , um) , (10)
where
∫
[du] =
∫ 1
0
du1 · · ·
∫ 1
0
dum δ(
∑
ui − 1), ui = pi+/p+ are momentum fractions carried by
partons “i”, and the quantum fields Φi(xi−) live on the light-cone. φ(ui) can be expanded in
the Hilbert space by using the basis defined by L2 and L0. In the expansion, the term with
the lowest conformal spin and non-zero coefficient is the so-called the asymptotic distribution
amplitude, which is usually dominant at the large scale for the general case [1, 2],
φas(ui) =
Γ(2j1 + · · ·+ 2jm)
Γ(2j1) · · ·Γ(2jm) u
2j1−1
1 u
2j2−1
2 · · ·u2jm−1m , (11)
where the normalization is chosen such that
∫
[dui]φas(ui) = 1.
2.1 Two-parton distribution amplitudes
The study for conformal expansion of two-parton distribution amplitudes has been given by
Ohrndorf [26] (see, e.g., the discussion in Ref. [2]). Consider
〈0|Φj22 (x2)Φj11 (x1)|p〉 =
∫
[du] e−ip(x1u1+x2u2)φ(u1, u2;µ) . (12)
Using the conformal basis, the two-parton distribution amplitude with a given collinear twist
can be written as
φ(u1, u2;µ) = φas
∞∑
j−j1−j2=0
φj−j1−j2(µ)P
j1,j2
j−j1−j2
(u1, u2) . (13)
where
P
j1,j2
N (u1, u2) =
∑
n1+n2=N
un11 (−u2)n2
(
N
n2
)
Γ(n1 + 2j1)Γ(n2 + 2j2)
= (u1 + u2)
NP 2j1−1,2j2−1N
(
u1 − u2
u1 + u2
)
, (14)
1For simplicity, it will be just denoted as “twist” in this paper. Conventionally, we call ℓcan − s as the
twist, instead of using ℓ− s, where ℓcan is the canonical dimension.
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with P a,bN (x) being the so-called Jacobi polynomials. Here the conformal spins of Φ
j1
1 and
Φj22 are j1 and j2, respectively.
As for the case of the twist-2 (leading-twist) distribution amplitude of an axial-vector
meson, we have the conformal spins j1 = j2 = 1 for both quark and anti-quark fields. The
leading-twist LCDA thus reads
φ(u1, u2;µ) = 6u1u2
∞∑
l=0
al(µ)C
3/2
l (u1 − u2), (15)
where P 1,1j−2(u1 − u2) ∼ C3/2l (u1 − u2) with j − 2 = l.
2.2 Three-parton distribution amplitudes
We follow the method suggested by Braun et al. [22], who first applied it to baryon distri-
bution amplitudes, to construct the three-parton distribution amplitudes of an axial-vector
meson. The traditional choice is to expand three-parton distribution amplitudes in terms
of Appell’s polynomials. However, this basis is inconvenient for calculations since Appell’s
polynomials are not mutually orthogonal. An orthonormal “conformal basis” of functions
J
(12)3
Nn (ui) = (−1)NY (12)3Jj (ui)/2 can be defined by requiring that the total three-parton con-
formal spin J = j1 + j2 + j3 + N of an eigenstate is fixed, and, moreover, the definite
value of the conformal spin of the two-parton channel (12) is given as j = j1 + j2 + n with
n = 0, · · · , N . The results of Y (12)3Jj can be written as
Y
(12)3
Jj (ui) = (1− u3)j−j1−j2 P (2j3−1,2j−1)J−j−j3 (1− 2u3)P
(2j1−1,2j2−1)
j−j1−j2
(
u1 − u2
1− u3
)
. (16)
Note that this basis of Y
(12)3
Jj (ui) can be related to the basis of Y
1(23)
Jj (ui) (or Y
2(31)
Jj (ui))
through the Racah 6j-symbols of SL(2,R) group [22, 2].
For axial-vector mesons, the three-parton LCDAs correspond to the higher Fock states
consist of the quark, anti-quark, and gluon. We refer to j1 = 1, j2 = 1 and j3 = 3/2 as the
conformal spins of the quark, anti-quark and gluon, respectively, in an axial-vector meson.
Using Eq. (16), we redefine the orthonormal basis functions,
J
(12)3
Nn (ui) =
(−1)N
2
Y
(12)3
Jj (ui) =
(−1)N
2
(1− u3)n P (2,3+2n)N−n (1− 2u3)P (1,1)n
(
u1 − u2
1− u3
)
, (17)
where J is the total three-parton conformal spin, j is the total conformal spin of the quark
and anti-quark, N = J − 7/2 and n = j − 2 with N, n = 0, 1, · · ·, and N ≥ n. Thus, the
meson’s three-parton distribution amplitudes of twist-three can be represented as
φq¯qg(ui) = 360u1u2u
2
3
∞∑
N=0
N∑
n=0
ωN−n,nJ
(12)3
Nn (ui) . (18)
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If one takes into account the conformal spins of the distribution amplitudes up to order of
J = 9/2, the twist-3 LCDA reads2
φq¯qg(ui) ∼= 360u1u2u23[ω0,0J (12)300 (ui) + ω1,0J (12)310 (ui) + ω0,1J (12)311 (ui)]
= 360u1u2u
2
3
[
1
2
ω0,0 +
1
2
(7u3 − 3)ω1,0 − (u1 − u2)ω0,1
]
. (22)
3 Definitions of light-cone distribution amplitudes
In what follows, we define z = y − x with z2 = 0, and introduce the light-like vector
pµ = Pµ−m2Azµ/(2P ·z) with the axial-vector meson’s momentum P 2 = m2A. The polarization
vector ǫ
(λ)
µ of the axial-vector meson can be decomposed into longitudinal and transverse
projections as [9, 10]
ǫ
(λ)
‖ µ ≡
ǫ(λ) · z
p · z
(
pµ − m
2
A
2p · z zµ
)
, ǫ
(λ)
⊥µ = ǫ
(λ)
µ − ǫ(λ)‖µ , (23)
respectively. In QCD description of hard processes involving axial vector mesons, one en-
counter bilocal operators sandwiched between the vacuum and the meson,
〈A(P, λ)|q¯1(y)Γ[y, x]q2(x)|0〉, (24)
where Γ is a generic notation for the Dirac matrix structure and the path-ordered gauge
factor is
[y, x] = P exp
[
igs
∫ 1
0
dt (x− y)µAµ(tx+ (1− t)y)
]
. (25)
This factor is equal to unity in the light-cone gauge which is equivalent to the fixed-
point gauge (x − y)µAµ(x − y) = 0, which is also called the Fock-Schwinger gauge, as
the quark-antiquark pair is at the light-like separation. For simplicity, here and below we
do not show the gauge factor. For f1 and h1, the operators in Eq. (24) correspond to
2The contribution of conformal spin 11/2 to the meson’s three-parton distribution amplitudes of twist-
three is
360u1u2u
2
3[ω2,0J
(12)3
20 (ui) + ω1,1J
(12)3
21 (ui) + ω0,2J
(12)3
22 (ui)]
= 360u1u2u
2
3
[
(18u23 − 16u3 + 3)ω2,0 + 3(1− 3u3)(u1 − u2)ω1,1 +
3
2
[(1− u3)2 − 5u1u2]ω0,2
]
. (19)
Comparing the above result with that given by Braun and Filyanov [1], we thus find
ω2,0 =
2
5
ωBF2,0 +
1
5
ωBF1,1 , (20)
ω0,2 =
8
15
ωBF2,0 −
2
5
ωBF1,1 . (21)
Note that for ω1,1 there is no corresponding term given in Ref. [1].
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(u¯(y)Γu(x) + d¯(y)Γd(x) + s¯(y)Γs(x))/
√
3, while for f8 and h8, the relevant forms of oper-
ators are (u¯(y)Γu(x) + d¯(y)Γd(x) − 2s¯(y)Γs(x))/√6. In the present study, we adopt the
conventions Dα = ∂α + igsA
a
αλ
a/2, G˜αβ = (1/2)ǫαβµνG
µν , ǫ0123 = −1.
In general, the LCDAs are scheme- and scale-dependent. One can catalog the distribution
amplitudes into two classes: (i) chiral-even LCDAs for which the relevant current operators
involve chirality-conserving structures Γ = {γµ, γµγ5}, and (ii) chiral-odd LCDAs for which
the operators contain chirality-violating structures Γ = {σµν(γ5), 1}.
3.1 Two-parton distribution amplitudes
The chiral-even LCDAs are given by 3
〈A(P, λ)|q¯1(y)γµγ5q2(x)|0〉 = ifAmA
∫ 1
0
du ei(upy+u¯px)
{
pµ
ǫ∗(λ)z
pz
Φ‖(u) + ǫ
∗(λ)
⊥µ g
(a)
⊥ (u)
−1
2
zµ
ǫ∗(λ)z
(pz)2
m2Ag3(u)
}
, (26)
〈A(P, λ)|q¯1(y)γµq2(x)|0〉 = −ifAmA ǫµνρσ ǫ∗ν(λ)pρzσ
∫ 1
0
du ei(upy+u¯ px)
g
(v)
⊥ (u)
4
, (27)
where u and u¯ ≡ 1− u are the momentum fractions of q1 and q¯2 in the axial-vector meson,
respectively. The chiral-odd LCDAs are defined by 4
〈A(P, λ)|q¯1(y)σµνγ5q2(x)|0〉 = f⊥A
∫ 1
0
du ei(upy+u¯ px)
{
(ǫ
∗(λ)
⊥µ pν − ǫ∗(λ)⊥ν pµ)Φ⊥(u)
+
m2A ǫ
∗(λ)z
(pz)2
(pµzν − pνzµ) h(t)‖ (u)
+
1
2
(ǫ
∗(λ)
⊥µ zν − ǫ∗(λ)⊥ν zµ)
m2A
p · zh3(u)
}
, (28)
〈A(P, λ)|q¯1(y)γ5q2(x)|0〉 = f⊥Am2A(ǫ∗(λ)z)
∫ 1
0
du ei(u py+u¯ px)
h
(p)
‖ (u)
2
. (29)
Here Φ‖,Φ⊥ are of twist-2, g
(a)
⊥ , g
(v)
⊥ , h
(t)
‖ , h
(p)
‖ of twist-3, and g3, h3 of twist-4. In SU(3) limit,
due to G-parity, Φ‖, g
(a)
⊥ , g
(v)
⊥ , and g3 are symmetric [antisymmetric] under the replacement
u → 1 − u for the 13P1 [11P1] states, whereas Φ⊥, h(t)‖ , h(p)‖ , and h3 are antisymmetric
[symmetric]. In other words, in the SU(3) limit it follows that∫ 1
0
duΦ⊥(u) =
∫ 1
0
duh
(t)
‖ (u) =
∫ 1
0
duh
(p)
‖ (u) =
∫ 1
0
duh3(u) = 0 (30)
3g
(v)
⊥ and g
(a)
⊥ given in Ref. [18] is respectively redefined to be g
(a)
⊥ and g
(v)
⊥ in this paper.
4h
(s)
‖ given in Ref. [18] is redefined to be h
(p)
‖ in this paper.
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for 13P1 states, but becomes∫ 1
0
duΦ‖(u) =
∫ 1
0
dug
(a)
⊥ (u) =
∫ 1
0
dug
(v)
⊥ (u) =
∫ 1
0
dug3(u) = 0 (31)
for 11P1 states. The above integrals are not zero if mq1 6= mq2, and the detailed results are
summarized in Secs. 6.1 and 6.2. We will not further discuss the twist-4 LCDAs, g3 and
h3, below. For convenience, we therefore normalize the distribution amplitudes of the 1
3P1
[11P1] states to be subject to∫ 1
0
duΦ‖(u) = 1
[ ∫ 1
0
duΦ⊥(u) = 1
]
, (32)
and take f⊥3P1 = f3P1 [f1P1 = f
⊥
1P1
(µ = 1 GeV)] in the study, such that we have
〈13P1(P, λ)|q¯1(0)σµνγ5q2(0)|0〉 = f⊥3P1a⊥,
3P1
0 (ǫ
∗(λ)
µ Pν − ǫ∗(λ)ν Pµ), (33)
〈11P1(P, λ)|q¯1(0)γµγ5q2(0)|0〉 = if1P1a‖,
1P1
0 m1P1 ǫ
∗(λ)
µ , (34)
where a⊥,
3P1
0 and a
‖,1P1
0 are the Gegenbauer zeroth moments, defined in Eqs. (60) and (48),
and vanish in the SU(3) limit. Using the results given in Eqs. (11), (12) and (14), the two-
parton distribution amplitudes can be expanded in a series of partial waves with different
conformal spins. However, in analogy to that discussed in Refs. [1, 9], by means of QCD
EOMs, g
(a)
⊥ , g
(v)
⊥ , h
(t)
‖ , and h
(p)
‖ can be expressed in terms of twist-two two-parton and twist-
three three-parton distribution amplitudes. The detailed results are given in Secs. 3.3 and
3.4. It should be stressed that EOMs only relate terms with the same conformal spin so that
the relations between LCDAs can be satisfied order by order in the conformal expansion [2].
3.2 Three-parton distribution amplitudes of twist-three
The three-parton chiral-even (A,V) and chiral-odd (T ) distribution amplitudes of twist-3
are defined by
〈A(P, λ)|q¯1(−x)γαγ5gsGµν(vx)q2(x)|0〉 = −pα[pµǫ∗(λ)⊥ν − pνǫ∗(λ)⊥µ ]fA3AA(v,−px) + . . . , (35)
〈A(P, λ)|q¯1(−x)γαgsG˜µν(vx)q2(x)|0〉 = ipα[pµǫ∗(λ)⊥ν − pνǫ∗(λ)⊥µ ]fV3AV(v,−px) + . . . , (36)
〈A(P, λ)|q¯1(−x)σαβγ5gsGµν(vx)q2(x)|0〉
= −iǫ
∗(λ)x
2(px)
[pαpµg
⊥
βν − pβpµg⊥αν − pαpνg⊥βµ + pβpνg⊥αµ]f⊥3AmAT (v,−px) + . . . , (37)
where the ellipses stand for terms of twist higher than three, the following shorthand nota-
tions are used:
A(v,−px) ≡
∫
Dα eipx(αq2−αq1+vαg)A(αq1αq2, αg), (38)
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etc., and the integration measure is defined as∫
Dα ≡
∫ 1
0
dαq1
∫ 1
0
dαq2
∫ 1
0
dαg δ(1−
∑
αi). (39)
Here αq1, αq2, and αg are the respective momentum fractions carried by q1, q¯2 quarks and
gluon in the axial-vector meson. Due to G-parity, for a 13P1 [1
1P1] state A is antisymmetric
[symmetric] under the interchange αq2 ↔ αq1 in the SU(3) limit, while V and T are sym-
metric [antisymmetric] (cf. the case of the ρ meson in Ref. [9]). Taking into account the
contributions up to terms of conformal spin 9/2 and considering the corrections which arise
from the quark masses, the distribution amplitudes can be approximately written as
A = 5040(αq1 − αq2)αq1αq2α2g + 360αq1αq2α2g
[
λA3P1 + σ
A
3P1
1
2
(7αg − 3)
]
, (40)
V = 360αq1αq2α2g
[
1 + ωV3P1
1
2
(7αg − 3)
]
+ 5040(αq1 − αq2)αq1αq2α2gσV3P1, (41)
T = 360αq1αq2α2g
[
1 + ω⊥3P1
1
2
(7αg − 3)
]
+ 5040(αq1 − αq2)αq1αq2α2gσ⊥3P1, (42)
for the 13P1 states, and
A = 360αq1αq2α2g
[
1 + ωA1P1
1
2
(7αg − 3)
]
+ 5040(αq1 − αq2)αq1αq2α2gσA1P1, (43)
V = 5040(αq1 − αq2)αq1αq2α2g + 360αq1αq2α2g
[
λV1P1 + σ
V
1P1
1
2
(7αg − 3)
]
, (44)
T = 5040(αq1 − αq2)αq1αq2α2g + 360αq1αq2α2g
[
λ⊥1P1 + σ
⊥
1P1
1
2
(7αg − 3)
]
, (45)
for the 11P1 states, where λ’s correspond to conformal spin 7/2, while ω’s and σ’s are
parameters with conformal spin 9/2. As the SU(3)-symmetry (and G-parity) is restored, we
have λ’s=σ’s=0. The normalization constants fA3A, f
V
3A and f
⊥
3A are thus defined in such a
way that∫
Dα (αq1 − αq2)A(αq1, αq2, αg) = 1,
∫
Dα A(αq1, αq2, αg) = λA3P1 ,∫
DαV(αq1, αq2, αg) = 1,
∫
Dα (αq1 − αq2)V(αq1, αq2, αg) = σV3P1 ,∫
DαT (αq1, αq2, αg) = 1,
∫
Dα (αq1 − αq2)T (αq1 , αq2, αg) = σ⊥3P1, (46)
for the 13P1 states, and∫
DαA(αq1, αq2, αg) = 1,
∫
Dα (αq1 − αq2)A(αq1, αq2, αg) = σA1P1 ,∫
Dα (αq1 − αq2)V(αq1, αq2, αg) = 1,
∫
Dα V(αq1, αq2, αg) = λV1P1,∫
Dα (αq1 − αq2) T (αq1, αq2, αg) = 1,
∫
Dα T (αq1 , αq2, αg) = λ⊥1P1 , (47)
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for the 11P1 states.
3.3 Relations among chiral-even LCDAs
Φ‖(u, µ) can be expanded in a series of Gegenbauer polynomials [1, 2]:
ΦA‖ (u, µ) = 6u(1− u)
[
a
‖,A
0 +
∞∑
l=1
a
‖,A
l (µ)C
3/2
l (2u− 1)
]
, (48)
where µ is the normalization scale and the multiplicatively renormalizable coefficients (or
called Gegenbauer moments) are:
a
‖,A
l (µ) =
2(2l + 3)
3(l + 1)(l + 2)
∫ 1
0
dxC
3/2
l (2x− 1)ΦA‖ (x, µ). (49)
In the limit of mq1 = mq2, only terms with even (odd) l survive due to G-parity invariance
for the 13P1 (1
1P1) mesons. In the expansion of Φ
A
‖ (u, µ) in Eq. (48), the conformal invari-
ance of the light-cone QCD exhibits that partial waves with different conformal spin cannot
mix under renormalization to leading-order accuracy. As a consequence, the Gegenbauer
moments a
‖
l renormalize multiplicatively:
a
‖,A
l (µ) = a
‖,A
l (µ0)
(
αs(µ0)
αs(µ)
)−γ‖
(l)
/b
, (50)
where b = (11Nc − 2nf)/3 and the one-loop anomalous dimensions are [27]
γ
‖
(l) = CF
(
1− 2
(l + 1)(l + 2)
+ 4
l+1∑
j=2
1
j
)
, (51)
with CF = (N
2
c − 1)/(2Nc).
Applying the QCD equations of motion, as the case for the vector mesons in Refs. [9, 10],
one can obtain some useful nonlocal operator identities (see Appendix B) such that the
two-parton distribution amplitudes g
(a)
⊥ and g
(v)
⊥ can be represented in terms of Φ‖,⊥ and
three-parton distribution amplitudes. Setting y = −x and adapting the formulas derived in
Ref. [9] for vector mesons to the present case, we find5∫ 1
0
du e−iξpxg
(a)
⊥ (u) =
∫ 1
0
dt
∫ 1
0
du e−itξpxΦ‖(u)
− ζV3,A(px)2
∫ 1
0
t2dt
∫ 1
−1
dv V(v,−tpx)− ζA3,A(px)2
∫ 1
0
dt t2
∫ 1
−1
dv vA(v,−tpx)
− 1
2
(px)2
∫ 1
0
dt t2
∫ 1
0
du e−itξpxg
(v)
⊥ (u)− iδ˜+(px)
∫ 1
0
dt t
∫ 1
0
du e−itξpxΦ⊥(u), (52)
5Here and below we use the notations close to that given in Ref. [9].
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and
1
2
∫ 1
0
du e−iξpxg
(v)
⊥ (u) =
∫ 1
0
dt t
∫ 1
0
du e−itξpxg
(a)
⊥ (u)
− iζA3,A(px)
∫ 1
0
dt t2
∫ 1
−1
dvA(v,−tpx)− iζV3,A(px)
∫ 1
0
dt t2
∫ 1
−1
dv vV(v,−tpx)
+ δ˜−
∫ 1
0
dt t
∫ 1
0
du e−itξpxΦ⊥(u), (53)
where ξ ≡ 2u− 1, and we introduced the abbreviation
δ˜± =
f⊥A
fA
mq2 ±mq1
mA
, ζV,A3,A =
fV,A3A
fAmA
. (54)
Solving Eqs. (52) and (53), we obtain the solutions [9] for g
(v)
⊥ (u):
g
(v)
⊥ (u) = u¯
u∫
0
dv
1
v¯
Ψ(v) + u
1∫
u
dv
1
v
Ψ(v). (55)
and for g
(a)
⊥ (u):
g
(a)
⊥ (u) =
1
4
 u∫
0
dv
1
v¯
Ψ(v) +
1∫
u
dv
1
v
Ψ(v)
− δ˜−Φ⊥(u)
+ ζV3,A
u∫
0
dαq1
u¯∫
0
dαq2
1
1− αq1 − αq2
(
d
dαq1
+
d
dαq2
)
V(α)
+ ζA3,A
d
du
u∫
0
dαq1
u¯∫
0
dαq2
A(α)
1− αq1 − αq2
, (56)
where
Ψ(u) = 2Φ‖(u)− δ˜−ξΦ′⊥(u)− δ˜+Φ′⊥(u)
+ 2ζA3,A
d
du
u∫
0
dαq1
u¯∫
0
dαq2
1
1− αq1 − αq2
(
αq1
d
dαq1
+ αq2
d
dαq2
)
A(α)
+ 2ζV3,A
d
du
u∫
0
dαq1
u¯∫
0
dαq2
1
1− αq1 − αq2
(
αq1
d
dαq1
− αq2
d
dαq2
)
V(α). (57)
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Neglecting the three-parton distribution amplitudes containing gluons and terms propor-
tional to light quark masses, g
(a)
⊥ and g
(v)
⊥ are thus related to the twist-2 ones by Wandzura-
Wilczek–type relations:
g
(a)WW
⊥ (u) ≃
1
2
[∫ u
0
dv
1
v¯
Φ‖(v) +
∫ 1
u
dv
1
v
Φ‖(v)
]
, (58)
g
(v)WW
⊥ (u) ≃ 2u¯
∫ u
0
dv
1
v¯
Φ‖(v) + 2u
∫ 1
u
dv
1
v
Φ‖(v). (59)
3.4 Relations among chiral-odd LCDAs
The leading-twist LCDAs ΦA⊥(u, µ) can be expanded as [1, 2]
ΦA⊥(u, µ) = 6u(1− u)
[
a⊥0 +
∞∑
l=1
a⊥,Al (µ)C
3/2
l (2u− 1)
]
, (60)
where the multiplicatively renormalizable Gegenbauer moments, in analogy to Eq. (49), read
a⊥,Al (µ) =
2(2l + 3)
3(l + 1)(l + 2)
∫ 1
0
dxC
3/2
l (2x− 1)ΦA⊥(x, µ) , (61)
which satisfy (
f⊥A a
⊥,A
l
)
(µ) =
(
f⊥A a
⊥,A
l
)
(µ0)
(
αs(µ0)
αs(µ)
)−γ⊥
(l)
/b
, (62)
with the one-loop anomalous dimensions being [27]
γ⊥(l) = CF
(
1 + 4
l+1∑
j=2
1
j
)
. (63)
In the limit of mq1 = mq2, a
⊥,A
l with even (odd) l vanish due to G-parity invariance for the
13P1 (1
1P1) mesons.
In analogy to Eqs. (52) and (52), using the formulas developed in Ref. [9] for vector
mesons to the present case, we obtain the integral equations:
ipx
∫ 1
0
du e−iξpxξ h
(t)
‖ (u)− 2
∫ 1
0
du e−iξpx
(
h
(t)
‖ (u)− Φ⊥(u)
)
= ζ⊥3,A(px)
2
∫ 1
−1
dv vT (v,−px) + (px)2
∫ 1
0
e−iξpxh
(p)
‖ (u) + iδ+px
∫ 1
0
du e−iξpxΦ‖(u), (64)
∫ 1
0
du e−iξpxh
(p)
‖ (u) = −iζ⊥3,Apx
∫ 1
0
tdt
∫ 1
−1
dv T (v,−tpx) +
∫ 1
0
dt
∫ 1
0
du e−iξtpxh
(t)
‖ (u)
+δ−
∫ 1
0
dt
∫ 1
0
du e−iξtpxΦ‖(u), (65)
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where we have introduced the notations
δ± =
fA
f⊥A
mq2 ±mq1
mA
, ζ⊥3,A =
f⊥3,A
f⊥AmA
. (66)
The solutions of the integral equations [9] given in Eqs. (64) and (65) can be obtained to
be
h
(p)
‖ (u) = u¯
u∫
0
dv
1
v¯
Θ(v) + u
1∫
u
dv
1
v
Θ(v) , (67)
and
h
(t)
‖ (u) =
1
2
ξ
 u∫
0
dv
1
v¯
Θ(v)−
1∫
u
dv
1
v
Θ(v)
− δ−Φ‖(u)
+ ζ⊥3,A
d
du
u∫
0
dαq1
u¯∫
0
dαq2
1
1− αq2 − αq1
T (α), (68)
where
Θ(u) = 2Φ⊥(u) + δ−
(
Φ‖(u)− 1
2
ξΦ′‖(u)
)
− 1
2
δ+Φ
′
‖(u)
+ ζ⊥3,A
d
du
u∫
0
dαq1
u¯∫
0
dαq2
1
1− αq2 − αq1
(
αq1
d
dαq1
+ αq2
d
dαq2
− 1
)
T (α). (69)
The two-parton twist-3 distribution amplitudes are thus related to the twist-2 ones approx-
imately by Wandzura-Wilczek–type relations
h
(t)WW
‖ (u) = ξ
(∫ u
0
dv
Φ⊥(v)
v¯
−
∫ 1
u
dv
Φ⊥(v)
v
)
, (70)
h
(p)WW
‖ (u) = 2
(
u¯
∫ u
0
dv
Φ⊥(v)
v¯
+ u
∫ 1
u
dv
Φ⊥(v)
v
)
. (71)
3.5 Comparison of the vector mesons and axial-vector mesons
In comparison with the vector mesons, we summarize in Table 1 the (anti-)symmetric prop-
erties of LCDAs of axial-vector mesons in the SU(3) limit under the interchange of the
momentum fractions of the quark and antiquark. On the other hand, comparing results for
axial-vector mesons given in Eqs. (26)-(29), (52), (53), (64), (65), and (B.1)-(B.4), and for
vector mesons given in Ref. [9], we can see an analogy between the two cases. One can relate
the mathematical forms of two-parton LCDAs of twist-3 for vector mesons and axial-vector
mesons in the following way:
15
vector mesons : axial-vector mesons :
g
(v)
⊥
(1− δ˜+)g(a)⊥
h
(t)
‖
(1− δ+)h(s)‖
←→
←→
←→
←→
g
(a)
⊥
g
(v)
⊥
h
(t)
‖
h
(p)
‖
with the replacement
+δ˜±
+δ±
A
V
T
Φ‖,⊥
←→
←→
←→
←→
←→
←→
−δ˜∓
−δ∓
V
A
T
Φ‖,⊥
where the notations for LCDAs of vector mesons follow from Refs. [9, 10]. For vector mesons,
additional factors (1− δ˜+) and (1− δ+) are considered [9] in the definitions of g(a)⊥ and h(s)‖ ,
respectively, due to the normalizations
∫ 1
0
g
(a)
⊥ (u)du =
∫ 1
0
h
(s)
‖ du = 1. Nevertheless, we do
not need to put such factors in the definitions of axial-vector mesons; see results shown in
Eqs. (261), (262), (263), (268), (269), and (270).
Table 1: The symmetric/antisymmetric properties of LCDAs under the interchange of the
momentum fractions of the quark and antiquark in vector mesons and axial-vector mesons
in the SU(3) limit, where the definitions of LCDAs of vector mesons follow from Refs. [9, 10].
LCDA Vector meson Axial-vector meson (13P1) Axial-vector meson (1
1P1)
Φ‖
Φ⊥
g
(a)
⊥
g
(v)
⊥
h
(t)
‖
h
(s)
‖ orh
(p)
‖
A
V
T
symmetric
symmetric
symmetric
symmetric
symmetric
symmetric
symmetric
antisymmetric
antisymmetric
symmetric
antisymmetric
symmetric
symmetric
antisymmetric
antisymmetric
antisymmetric
symmetric
symmetric
antisymmetric
symmetric
antisymmetric
antisymmetric
symmetric
symmetric
symmetric
antisymmetric
antisymmetric
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4 Determinations of leading-twist LCDAs
4.1 Physical properties for axial-vector mesons
In the quark model, the light 11P1 states, referred to as b1(1235), h1(1170), h1(1380), and
K1B, form the 1
+− nonets, whereas the light 13P1 mesons, denoted as a1(1260), f1(1285),
f1(1420), and K1A, form the 1
++ nonets. h1(1380) is not experimentally well-established [28]
and its quark content was suggested as s¯s in the QCD sum rule calculation [19]. It should be
noted that the real physical states K1(1270) and K1(1400) are the mixtures of 1
3P1 (K1A)
and 11P1 (K1B) states; following the convention in Ref. [29], the relations can be written as
|K1(1270)〉 = |K1A〉 sin θK + |K1B〉 cos θK ,
|K1(1400)〉 = |K1A〉 cos θK − |K1B〉 sin θK . (72)
In Ref. [29], two possible solutions with two-fold ambiguity |θK | ≈ 33◦ and 57◦ were obtained.
A similar constraint 35◦ . |θK | . 55◦ was found in Ref. [30]. Therefore, the favor values
may lie in the range |θK | ≃ (45 ± 12)◦. Just for simplicity, we will take θK = 45◦,−45◦
as the reference points. Analogous to η and η′, for 13P1 states, f1(1285) and f1(1420) are
mixed in terms of the pure octet f8 and singlet f1 due to SU(3) breaking effects, and can be
parameterized as
|f1(1285))〉 = |f1〉 cos θ3P1 + |f8〉 sin θ3P1 , |f1(1420)〉 = −|f1〉 sin θ3P1 + |f8〉 cos θ3P1 . (73)
From the Gell-Mann-Okubo mass formula [31, 28], it follows that
cos2 θ3P1 =
3m2f1(1285) −
(
4m2K1A −m2a1
)
3
(
m2f1(1285) −m2f1(1420)
) , (74)
where
m2K1A = m
2
K1(1400)
cos2 θK +m
2
K1(1270)
sin2 θK . (75)
Substituting into Eq. (74) with θK = (45±12)◦, we then obtain6 θ3P1 = 38◦+14
◦
−16◦ which is con-
sistent with the value of replacing m2 by m throughout Eq. (74). The previous phenomeno-
logical analyses suggested θ3P1 ≃ 50◦ [32]. In the present paper, we will take θ3P1 = 38◦ or
50◦ as the reference input for LCDA studies.
6 Since
tan θ3P1 =
4m2K1A −m2a1 − 3m2f1(1420)
3m218
> 0 , (76)
where m218 = 〈f1|H|f8〉 < 0 with H being the Hamiltonian, we find that θ3P1 > 0. In the present paper, we
can extend the study in the traditional quark model to a field-theoretical consideration that each Fock state
of f1 [or f8] is proportional to (q¯q)
mgn(u¯u+ d¯d+ s¯s)/
√
3 [or (q¯q)mgn(u¯u+ d¯d− 2s¯s)/√6], where there is a
relative sign difference between the s¯s contents of f1 and f8 in our convention.
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Similarly, for 11P1 states, h1(1170) and h1(1380) may be mixed in terms of the pure octet
h8 ad singlet h1,
|h1(1170))〉 = |h1〉 cos θ1P1 + |h8〉 sin θ1P1 , |h1(1380)〉 = −|h1〉 sin θ1P1 + |h8〉 cos θ1P1 .(77)
Again from the Gell-Mann-Okubo mass formula, we obtain
cos2 θ1P1 =
3m2h1(1170) −
(
4m2K1B −m2b1
)
3
(
m2h1(1170) −m2h1(1380)
) , (78)
where
m2K1B = m
2
K1(1400)
sin2 θK +m
2
K1(1270)
cos2 θK . (79)
We thus get θ1P1 ≃ 10◦+15
◦
−10◦ which coincides with the value of replacing m
2 by m throughout
Eq. (78). Note that |θK | ≥ 50◦ is disfavored because of the constraint 0 ≤ cos2 θ1P1 ≤ 1. Note
also that the QCD sum calculation suggested θ1P1 ≃ 45◦, from which the predictive content
of h1(1380) is predominated by the s¯s pair
7 [19]. By comparing results with θ1P1 = 10
◦ and
45◦ in the phenomenological LCDA analysis, we will show the effects induced by different
mixing angles.
4.2 Axial-vector couplings of 13P1 mesons
In this subsection, we calculate renormalization-group (RG) improved QCD sum rules for
the axial-vector couplings of 13P1 mesons. Because the QCD sum rule approach may not
sufficiently determine the singlet-octet mixing angle, we thus calculate the QCD sum rules
for pure 13P1 states.
4.2.1 QCD sum rules for axial-vector couplings
To evaluate the axial-vector couplings f3P1 for 1
3P1 mesons, we consider the two-point cor-
relation function,
Πµν(q
2) = i
∫
d4xeiqx〈0|T(jµ(x)j†ν(0)|0〉 = −Π1(q2)gµν +Π2(q2)qµqν , (80)
where the interpolating current jµ = q¯2γµγ5q1 satisfies
〈0|jµ(0)|13P1(P, λ)〉 = −if3P1m3P1ǫ(λ)µ . (81)
In the massless quark limit, we have Π1 = q
2Π2 due to conservation of jµ. Here we focus on
Π1 since Π1 receives contributions only from axial-vector (
3P1) mesons, whereas Π2 contains
effects from pseudoscalar mesons. The above correlation function can be calculated from
7 With the same reason as footnote 6, θ1P1 should be positive in sign.
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the hadron and quark-gluon dynamical points of view, respectively. The lowest-lying 13P1
meson contribution can be approximated via the dispersion relation as
m23P1f
2
3P1
m23P1 − q2
=
1
π
∫ s3P10
0
ds
ImΠOPE1 (s)
s− q2 , (82)
where ΠOPE1 , the QCD operator-product-expansion (OPE) result of Π1 at the quark-gluon
level, given in Ref. [19] up to dimension 6 and with O(αs) corrections, reads
ΠOPE1 (q
2) = − 1
4π2
q2 ln
−q2
µ2
(
1 +
αs
π
)
+
1
q2
(
1
12
〈αs
π
G2〉 −m2〈q¯1q1〉 −m1〈q¯2q2〉
)
+
1
q4
(
2
9
παs
〈
(q¯1γµλ
aq1 + q¯2γµλ
aq2)
∑
q
q¯γµλaq
〉
+ 2παs〈q¯1λaq2 q¯2λaq1〉
)
, (83)
and s
3P1
0 is the threshold of the higher resonant states, such that the contributions of higher
resonances are modeled by
1
π
∫ ∞
s
3P1
0
ds
ImΠOPE1 (s)
s− q2 . (84)
We further apply the Borel (inverse-Laplace) transformation to both sides of Eq. (82)
B[f(q2)] = lim
n→∞
−q2→∞
−q2/n2=M2fixed
(−q2)n+1
[
d
dq2
]n
f(q2), (85)
to improve the convergence of the OPE series and further suppress the contributions from
higher resonances. Moreover, we adopt the vacuum saturation approximation for describing
the four-quark condensates in the present work, i.e.,
〈0|q¯Γiλaqq¯Γiλaq|0〉 = − 1
16N2c
Tr(ΓiΓi)Tr(λ
aλa)〈q¯q〉2 , (86)
and neglect the possible corrections due to their anomalous dimensions. Finally, we arrive
at the f3P1 sum rules, given by
f 23P1m
2
3P1
e
−m23P1
/M2
=
1
4π2
s
3P1
0∫
0
s ds e−s/M
2
(
1 +
αs
π
)
− 1
12
〈αs
π
G2〉+mq2〈q¯1q1〉+mq1〈q¯2q2〉
− 1
M2
[
32παs
81
(〈q¯2q2〉2 + 〈q¯1q1〉2) + 32παs
9
〈q¯2q2〉〈q¯1q1〉
]
. (87)
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4.2.2 Results for 13P1 mesons
We start with the analysis of the f3P1 sum rules. To examine the quality of the sum rules, we
also give the mass sum rule results. The mass sum rule for the 13P1 lowest-lying resonance
can be obtained by taking the logarithm of both sides of Eq. (87) and then applying the
differential operator M4∂/∂M2 to them, where s
3P1
0 is determined by the maximum stability
of the sum rules. Substituting the obtained s
3P1
0 and masses into Eq. (87), one arrives at
the sum rules for the decay constants f3P1. In the numerical analysis, we use the parameters
which are given in Appendix C and choose the Borel window 0.8 GeV2 < M2 < 1.3 GeV2,
where the contribution originating from higher resonances (and the continuum) is less than
44% and the highest OPE term at the quark level is no more than 14%. Note that in the
sum rules, the contributions from higher resonances are modeled by
1
π
∫ ∞
s0
ds e−s/M
2
ImΠOPE1 (s) . (88)
In Fig. 1, the masses and decay constants are plotted as functions of the Borel mass squared
M2. The results are summarized in Table 2. Introducing the decay constants f qf1(1285) and
f qf1(1420) by
〈0|q¯γµγ5q|f1(1285)(P, λ)〉 = −imf1(1285)f qf1(1285)ǫ(λ)µ , (89)
〈0|q¯γµγ5q|f1(1420)(P, λ)〉 = −imf1(1420)f qf1(1420)ǫ(λ)µ , (90)
we get
fuf1(1285) =
ff1√
3
mf1
mf1(1285)
cos θ3P1 +
ff8√
6
mf8
mf1(1285)
sin θ3P1 = 173± 23 (167± 22) MeV , (91)
f sf1(1285) =
ff1√
3
mf1
mf1(1285)
cos θ3P1 −
2ff8√
6
mf8
mf1(1285)
sin θ3P1 = −9± 13 (−59± 18) MeV , (92)
fuf1(1420) = −
ff1√
3
mf1
mf1(1420)
sin θ3P1 +
ff8√
6
mf8
mf1(1420)
cos θ3P1 = −9 ± 10 (−41± 11) MeV , (93)
f sf1(1420) = −
ff1√
3
mf1
mf1(1420)
sin θ3P1 −
2ff8√
6
mf8
mf1(1420)
cos θ3P1
= −217± 27 (−211± 26) MeV , (94)
corresponding to θ3P1 = 38
◦(50◦). In particular, f1(1285) and f1(1420) are predominated by
their u¯u and s¯s contents, respectively.
Using Eq. (72), the decay constants for K1(1270) and K1(1400) read (with q¯ = u¯ or d¯)
〈0|q¯γµγ5s|K1(1270)(P, λ)〉 = −i fK1(1270)mK1(1270) ǫ(λ)µ
= −i(fK1AmK1A sin θK + fK1BmK1Ba‖,K1B0 cos θK) ǫ(λ)µ , (95)
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Table 2: The sum rule results of masses, decay constants, and corresponding excited thresh-
olds s
3P1
0 for 1
3P1 mesons.
State Mass[GeV] Decay cosntant f3P1[MeV] s
3P1
0 [GeV
2]
a1(1260)
f1(1
3P1)
f8(1
3P1)
K1A
1.23± 0.06
1.28± 0.06
1.29± 0.05
1.31± 0.06
238± 10
245± 13
239± 13
250± 13
2.55± 0.15
2.80± 0.20
2.70± 0.20
2.90± 0.20
and
〈0|q¯γµγ5s|K1(1400)(P, λ)〉 = −i fK1(1400)mK1(1400) ǫ(λ)µ
= −i(fK1AmK1A cos θK − fK1BmK1Ba‖,K1B0 sin θK) ǫ(λ)µ , (96)
where fK1A andmK1A are given in Table 2, and a
‖,K1B
0 (with fK1B = f
⊥
K1B
(1 GeV) by definition
in this paper) and mK1B can be found in Tables 3 and 4, respectively. (See the detailed
discussion in Sec. 4.3.) Numerically, we thus obtain
fK1(1270) = 197± 15 MeV , (97)
fK1(1400) = 151± 12 MeV , if taking θK = 45◦, (98)
and
fK1(1270) = −166± 11 MeV , (99)
fK1(1400) = 179± 12 MeV , if taking θK = −45◦ , (100)
where the correlation of the errors between the masses and decay constants is considered. It
is interesting to note that, if one sets a
‖,K1B
0 = 0, then the central value of fK1(1270) becomes
±182 GeV corresponding to θK = ±45◦, whereas that of fK1(1400) is 165 GeV independent
of the sign of θK ; the local axial-vector current can couple only to K1A, but not to K1B in
the SU(3) limit.
4.3 Tensor couplings of 11P1 mesons
The tensor couplings of 11P1 mesons are defined as
〈0|q¯2σµνq1|11P1(P, λ)〉 = if⊥1P1 ǫµναβǫα(λ)P β , (101)
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Figure 1: masses and decay constants of the 13P1 states as functions of the
Borel mass squared, where the central values of input parameters given in
Appendix C have been used.
22
i.e.,
〈0|q¯2σµνγ5q1|11P1(P, λ)〉 = −f⊥1P1(ǫµ(λ)P ν − ǫν(λ)P µ) . (102)
In Ref. [18], we have calculated RG-improved QCD sum rules of the tensor couplings for
11P1 mesons, where we assumed that h1(1170) is the same as b1(1235), while h1(1380) is
made of s¯s. Here we instead examine the pure 11P1 octet states. The results are collected in
Table 3. We have estimated the singlet-octet mixing angle by means of Gell-Mann-Okubo
mass formula. Thus, the decay constants for the real states h1(1170) and h1(1380) can
be obtained. See the results listed in Eqs. (105)−(108). We have also updated the values
for b1(1235) and and K1B states due to the following two more reasons. First, we take into
account the uncertainties of the condensates and quark mass which were not fully considered
in Ref. [16]. Second, we re-examine the stability of the sum rules and choose to use the Borel
window 0.8 GeV2 < M2 < 1.3 GeV2 in the analysis. During this window, which covers the
plateau region for the masses and decay constants versus M2, the contributions from excited
states (including the continuum) and from the highest dimension term in OPE expansion
are less than 43% and 5%, respectively, while for the previous choice with the upper bound
1.5 GeV2 the contributions of excited states can reach 52%. Although the region for the
present Borel window is a little lower than the previous study in Ref. [18], the present results
should be more reliable. Note that it will become questionable for the sum rule results if
one further reduces the lower bound of the Borel window. The reason is because in the
lower Borel mass region the effects owing to the uncertainty of the highest dimensions term,
for which we have assumed the vacuum saturation approximation, and radiative corrections
become much more important and are out of control.
Since the QCD sum rule approach may not sufficiently determine the singlet-octet mixing
angle, we thus study the QCD sum rules for pure 11P1 states; in other words, we neglect the
corrections arising from 〈h1|H|h8〉 due to 〈h1|H|h8〉 ≪ 〈h1|H|h1〉, 〈h8|H|h8〉, where H is the
Hamiltonian, in the studies of the mass and tensor coupling sum rules for h1, h8 and K1B
states. Employing the formulas given in Ref. [18], we obtain the results shown in Table 3.
In complete analogy to the discussion for 13P1 states, we introduce
〈0|q¯σµνq|h1(1170)(P, λ)〉 = if⊥,qh1(1170) ǫµναβǫα(λ)P β , (103)
〈0|q¯σµνq|h1(1380)(P, λ)〉 = if⊥,qh1(1380) ǫµναβǫα(λ)P β , (104)
and then obtain
f⊥,uh1(1170) =
fh1√
3
cos θ1P1 +
fh8√
6
sin θ1P1 = 116± 8 (128± 7) MeV , (105)
f⊥,sh1(1170) =
fh1√
3
cos θ1P1 −
2fh8√
6
sin θ1P1 = 75± 8 (−36 ± 10) MeV , (106)
f⊥,uh1(1380) = −
fh1√
3
sin θ1P1 +
fh8√
6
cos θ1P1 = 58± 5 (−19± 7) MeV , (107)
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f⊥,sh1(1380) = −
fh1√
3
sin θ1P1 −
2fh8√
6
cos θ1P1 = −171± 9 (−183± 10) MeV , (108)
corresponding to θ1P1 = 10
◦(45◦). As θ1P1 = 45
◦, h1(1380) is therefore dominated by the s¯s
content, and h1(1170) can be approximated by (u¯u + d¯d)/
√
2. However, the s¯s content of
h1(1170) and u¯u content of h1(1380) become significant for θ1P1 = 10
◦.
As for strange mesons, we have (with q¯ ≡ u¯, d¯)
〈0|q¯σµνs|K1(1270)(P, λ)〉 = if⊥K1(1270) ǫµναβǫα(λ)P β
= i(f⊥K1Aa
⊥,K1A
0 sin θK + f
⊥
K1B
cos θK) ǫµναβǫ
α
(λ)P
β (109)
and
〈0|q¯σµνs|K1(1400)(P, λ)〉 = if⊥K1(1400) ǫµναβǫα(λ)P β
= i(f⊥K1Aa
⊥,K1A
0 cos θK − f⊥K1B sin θK) ǫµναβǫα(λ)P β (110)
where f⊥K1B and a
⊥,K1A
0 are given in Tables 3 and 4, respectively, and use of f
⊥
K1A
= fK1A =
(250±20) MeV is made in the following by definition. Consequently, we obtain (at the scale
µ = 1 GeV)
f⊥K1(1270) = 145± 15 MeV , (111)
f⊥K1(1400) = −124± 15 MeV , if taking θK = 45◦, (112)
and
f⊥K1(1270) = 124± 14 MeV , (113)
f⊥K1(1400) = 145± 14 MeV , if taking θK = −45◦, (114)
where a⊥,K1A0 gives about 8% corrections to the decay constants. If setting a
⊥,K1A
0 = 0, all
the magnitudes of the central values of the decay constants are equal to ∼ 134 GeV.
4.4 Gegenbauer moments of leading-twist LCDAs
The Gegenbauer moments can be calculated from the standard QCD sum rule approach by
adopting a relevant two-point correlation function as the starting point. It is interesting
to note that in SU(3) symmetry limit the decay constant for a 11P1 state transiting to
the vacuum via the local axial-vector current vanishes due to G-parity mismatch between
the current and states. On the other hand, conventionally, the decay constants f3P1 for
the local axial-vector currents coupling to the 13P1 states are chosen to be positive as in
the present paper. Although the diagonal correlation functions may have good qualities
for sum rule results of G-parity invariant parameters, it cannot determine the relative sign
of the Gegenbauer moments. Moreover, the diagonal correlation functions cannot use to
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Table 3: The sum rule results of masses, decay constants, and corresponding excited thresh-
olds s
1P1
0 for 1
1P1 mesons. The values of f
⊥
1P1
are given at the scale µ = 1 GeV.
State Mass[GeV] Decay cosntant f⊥1P1[MeV] s
1P1
0 [GeV
2]
b1(1235)
h1(1
1P1)
h8(1
1P1)
K1B
1.21± 0.07
1.23± 0.07
1.37± 0.07
1.34± 0.08
180± 8
180± 12
190± 10
190± 10
2.6± 0.2
2.6± 0.2
3.2± 0.2
3.1± 0.2
evaluate the G-parity violating parameters due to the mixing between 3P1 and
1P1 states.
To determine not only the magnitudes but also the relative signs for Gegenbauer moments
relevant to the leading-twist LCDAs of 13P1 states, we thus choose one of the interpolating
currents in the two-point correlation function to be the local axial-vector current q¯2γµγ5q1,
i.e., we consider the non-diagonal correlation functions here. Note that we define the sum
rule to be diagonal here only if two interpolating currents in the correlation function are
exactly the same, but non-diagonal otherwise (See footnote 9 for further discussions). With
the same reason, in the following section we also adopt the local axial-vector current as one of
the interpolating currents in QCD sum rule studies to determine the relevant parameters for
twist-3 three-parton LCDAs of 13P1 states, whereas we use the local pseudo-tensor current
as one of the interpolating currents since the resulting contributions arising from 3P1 states
vanish in SU(3) limit.
However, as we consider the non-diagonal correlation functions, G-parity breaking con-
tributions of 3P1 and
1P1 states always mix. To obtain the G-parity violating Gegenbauer
moments for LCDAs of 3P1 and
1P1 mesons, we will assume an additional reasonable con-
straint on the parameters (see Eq. (143)).
4.4.1 Gegenbauer moments of Φ
3P1
‖ for 1
3P1 mesons
The LCDAs Φ
3P1
‖ (u, µ) corresponding to the 1
3P1 states, which are denoted by the superscript
3P1, with the quark contents q¯2 and q1, are defined as
〈13P1(P, λ)|q¯1(y) 6 z¯γ5q2(x)|0〉 = if3P1m3P1(ǫ∗(λ)z¯)
∫ 1
0
dxei(up·y+u¯p·x)Φ
3P1
‖ (u, µ), (115)
where u (or u¯ = 1 − u) is the momentum fraction carried by the quark q1 (or antiquark q¯2)
and µ is the renormalization scale of the LCDAs, and we have considered here and below
that z¯ ∝ y − x, z¯2 = 0, (y − x)2 = 0, but z¯ 6→ 0 even for y → x. Φ3P1‖ (u, µ) can be expanded
in a series of Gegenbauer polynomials as given in Eq. (48). To evaluate the Gegenbauer
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moments of Φ
3P1
‖ , we take into account the following two-point correlation function
Π(l)µ (q) = i
∫
d4xeiqx〈0|T (Ω(l)3P1(x) O†µ(0)|0〉 = (z¯q)l[−I
(l)
1 (q
2) z¯µ + I
(l)
2 (q
2)(z¯q)qµ], (116)
where
Oµ(0) = q¯2(0)γµγ5q1(0) (117)
and the relevant multiplicatively renormalizable operator, to leading logarithmic (LO) accu-
racy, is
Ω
(l)
3P1
(x) =
l∑
j=0
cl,j(iz¯∂)
l−j q¯2(x) 6 z¯γ5 (iz¯
↔
D)
jq1(x) , (118)
with
↔
Dµ=
→
Dµ −
←
Dµ= (
→
∂ +igsA
a(x)λa/2)µ − (
←
∂ −igsAa(x)λa/2)µ and cl,k being the coeffi-
cients of the Gegenbauer polynomials such that C
3/2
l (x) =
∑k=l
k=0 cl,kx
k. Ω
(l)
3P1
and Oµ satisfy
the following relations:
〈0|Ω(l)3P1(0)|13P1(P, λ)〉 = −if3P1m3P1(ǫ(λ)z¯)(P z¯)l
3(l + 1)(l + 2)
2(2l + 3)
a
‖,3P1
l (µ) , (119)
〈0|Oµ(0)|13P1(P, λ)〉 = −if3P1m3P1ǫ(λ)µ . (120)
We are interested only in I
(l)
1 (q
2) since only states with quantum numbers of 3P1 contribute
to I
(l)
1 (q
2), whereas I
(l)
2 (q
2) receives contributions from states with quantum numbers of
pseudoscalar mesons and 3P1. I
(l)
2 (q
2) was already given in Ref. [33]. In the massless quark
limit, one has I
(l)
1 = q
2I
(l)
2 . Nevertheless, the above relation is broken even formq1 = mq2 6= 0.
The OPE result of I
(l)
1 , up to dimension 6 and with O(αs) corrections, is given by (for l ≥ 1)
I
(l)OPE
1 = −
αs
2π3
q2 ln
−q2
µ2
∫ 1
0
du uu¯C
3/2
l (2u− 1) ln2
u
u¯
− C
3/2
l (1)
q2
[mq1〈q¯2q2〉+mq2〈q¯1q1〉(−1)l] +
C
3/2
l (1)
24q2
〈αs
π
G2〉[1 + (−1)l]
+
2
q4
C
5/2
l−1(1) θ(l − 1)[mq2〈q¯1gsσGq1〉(−1)l +mq1〈q¯2gsσGq2〉]L−14/(3b)
−16παs
9q4
C
3/2
l (1) 〈q¯1q1〉〈q¯2q2〉[1 + (−1)l]
−32παs
81q4
[C
3/2
l (1)]
2[〈q¯1q1〉2(−1)l + 〈q¯2q2〉2] , (121)
where the terms containing quark mass corrections and the results with odd l are new. For
even l and in the massless quark limit, the above result for I
(l)OPE
1 is consistent with q
2I
(l)OPE
2
given in Ref. [33].
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The quality of the sum rules obtained directly from I
(l)OPE
1 is not good. See the discussion
below. Another way to obtain the sum rules is to take into account the dispersion relation
with one subtraction. This method was introduced in Refs. [34, 35]. Consider I˜
(l)
1 (q
2) =
I
(l)
1 (q
2)− I(l) ,pert1 (q2). I˜(l)1 (q2) is finite in −q2 →∞, and therefore we can write down
I˜
(l)
1 (q
2) = I˜
(l)
1 (0)−
−q2
π
∫ ∞
0
ds
s(s− q2) [ρphys(s)− ImI
(l) ,pert
1 (s)] ,
= I˜
(l)
1 (0)−
−q2
π
∫ ∞
0
ds
s(s− q2) [ρ13P1(s)− θ(s
‖
0 − s)ImI(l) ,pert1 (s)] , (122)
where ρphys and ρ13P1 are the total physical spectral density and the lowest-lying (1
3P1)
spectral density8, respectively, and where we have modeled the higher resonance states as
ρphys(s) = ρ13P1(s) + θ(s− s‖0)ImI(l) ,pert1 (s) . (123)
On the other hand, one should note that 1P1 states can still enter the sum results by the
G-parity violating effect, which is due to mq1 −mq2 6= 0 ,
〈11P1(P, λ)|q¯1(0)γµγ5q2(0)|0〉 = if1P1a‖,
1P1
0 m1P1 ǫ
∗(λ)
µ . (124)
If one derives the Gegenbauer moment sum rules directly from Eq. (121), then the results
are [
a
‖,3P1
l m
2
3P1
f 23P1e
−m23P1
/M2
+ a
‖,1P1
l a
‖,1P1
0 m
2
1P1
f 21P1e
−m21P1
/M2
]
3(l + 1)(l + 2)
2(2l + 3)
L−γ
‖
(l)
/b
=
αs
2π3
M4
[
1− e−s‖0/M2
(
1 +
s
‖,3P1
0
M2
)]∫ 1
0
du uu¯C
3/2
l (2u− 1) ln2
u
u¯
+ C
3/2
l (1) (mq1〈q¯2q2〉+mq2〈q¯1q1〉)−
C
3/2
l (1)
12
〈αs
π
G2〉
+
2
M2
C
5/2
l−1(1) θ(l − 1)(mq1〈q¯2gsσGq2〉+mq2〈q¯1gsσGq1〉)L−14/(3b)
− 32παs
9M2
C
3/2
l (1) 〈q¯1q1〉〈q¯2q2〉 −
32παs
81M2
[C
3/2
l (1)]
2(〈q¯1q1〉2 + 〈q¯2q2〉2) (125)
for even l ≥ 2 and[
a
‖,3P1
l m
2
3P1
f 23P1e
−m23P1
/M2
+ a
‖,1P1
l a
‖,1P1
0 m
2
1P1
f 21P1e
−m21P1
/M2
]
3(l + 1)(l + 2)
2(2l + 3)
L−γ
‖
(l)
/b
= C
3/2
l (1) (mq1〈q¯2q2〉 −mq2〈q¯1q1〉)
+
2
M2
C
5/2
l−1(1) θ(l − 1)(mq1〈q¯2gsσGq2〉 −mq2〈q¯1gsσGq1〉)L−14/(3b)
+
32παs
81M2
[C
3/2
l (1)]
2(〈q¯1q1〉2 − 〈q¯2q2〉2) (126)
8Here we also need to consider 11P1 state which will contribute to the sum rules due to the G-parity
violating effect. See Eq. (124).
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for odd l (of the K1A meson), where θ(x) = 1 for x ≥ 0 or 0 otherwise. However, if one
chooses to use Eq. (122) and divides the relation in Eq. (122) by −q2 before applying the
Borel transform, then the Gegenbauer moment sum rules are[
a
‖,3P1
l f
2
3P1
(
e
−m23P1
/M2 − 1
)
+ a
‖,1P1
l a
‖,1P1
0 f
2
1P1
(
e
−m21P1
/M2 − 1
)]3(l + 1)(l + 2)
2(2l + 3)
L−γ
‖
(l)
/b
=
αs
2π3
M2
[
1− e−s‖0/M2 − s0
M2
] ∫ 1
0
du uu¯C
3/2
l (2u− 1) ln2
u
u¯
− C
3/2
l (1)
M2
(mq1〈q¯2q2〉+mq2〈q¯1q1〉) +
C
3/2
l (1)
12M2
〈αs
π
G2〉
− 1
M4
C
5/2
l−1(1) θ(l − 1)(mq1〈q¯2gsσGq2〉+mq2〈q¯1gsσGq1〉)L−14/(3b)
+
16παs
9M4
C
3/2
l (1) 〈q¯1q1〉〈q¯2q2〉+
16παs
81M4
[C
3/2
l (1)]
2(〈q¯1q1〉2 + 〈q¯2q2〉2) (127)
for even l ≥ 2 and[
a
‖,3P1
l f
2
3P1
(
e
−m23P1
/M2 − 1
)
+ a
‖,1P1
l a
‖,1P1
0 f
2
1P1
(
e
−m21P1
/M2 − 1
)]3(l + 1)(l + 2)
2(2l + 3)
L−γ
‖
(l)
/b
= −C
3/2
l (1)
M2
(mq1〈q¯2q2〉 −mq2〈q¯1q1〉)
− 1
M4
C
5/2
l−1(1) θ(l − 1)(mq1〈q¯2gsσGq2〉 −mq2〈q¯1gsσGq1〉)L−14/(3b)
− 16παs
81M4
[C
3/2
l (1)]
2(〈q¯1q1〉2 − 〈q¯2q2〉2) , (128)
for odd l (of the K1A meson), where we have substituted
I˜
(l)
1 (0) =
[
a
‖,3P1
l f
2
3P1
+ a
‖,1P1
l a
‖,1P1
0
]
3(l + 1)(l + 2)
2(2l + 3)
− αs
2π3
s
‖
0
∫ 1
0
du uu¯C
3/2
l (2u− 1) ln2
u
u¯
,
which can be determined in the limit M2 →∞, into the above two equations.
Before we discuss the reliability of the sum rules about Eqs. (125), (126) and (127), (128),
one should note that, for even l, the contributions due to 1P1 states are ∼ O(m2q) and thus
negligible. Nevertheless, for odd l, the contributions for 13P1 and 1
1P1 states are of the same
order of magnitude. The quality of the sum rules in Eqs. (125) and (126) is not good due to
the following two reasons. (i) The OPE series converges very slowly. For instance, if taking
a close look at Eq. (125) with l = 2, the terms of dimension-4 and -6 in the OPE series are
still comparable to the perturbative contribution even for choosing a quite large Borel mass
M2 ∼ 2 GeV2. (ii) The terms of dimension-4 and -6 have the opposite sign compared with
the perturbative contribution, such that the contributions of higher resonance states that we
modeled have also the opposite sign compared with the lowest-lying state. As a result, it is
difficult to choose a reliable windows for sum rules given in Eqs. (125) and (126).
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Nevertheless, the sum rules, given Eqs. (127) and (128), converge much more quickly.
Meanwhile, in the OPE series in Eq. (127) the contribution of the perturbative term have
the same sign as the the terms of dimension-4 and -6. Consequently, we can find a suitable
Borel window, where the contributions originating from higher resonances and the highest
OPE terms are well under control. For the time being, we will hence focus on Eqs. (127)
and (128). The numerical results are given in Sec. 4.4.3. Considering Eq. (128) with l = 1
for the K1A (and K1B) mesons, the result approximately reads
a
‖,K1A
1 + a
‖,K1B
1 a
‖,K1B
0
f 2K1B
f 2K1A
≃ 5
9
1
f 2K1A
(
e−m¯2/M2 − 1
)Lγ‖(1)/b{− 3
M2
(ms〈q¯2q2〉 −mq2〈s¯s〉)
− 1
M4
(ms〈q¯2gsσGq2〉 −mq2〈s¯gsσGs〉)L−14/(3b) −
16παs
9M4
(〈s¯s〉2 − 〈q¯2q2〉2)
}
, (129)
with m¯ = (mK1A +mK1B )/2.
4.4.2 Gegenbauer moments of Φ
3P1
⊥ for 1
3P1 mesons
To calculate the Gegenbauer moments of Φ
3P1
⊥ for 1
3P1 states, we consider the following
correlation function∫
d4xeiqx〈0|T(Ω⊥(l)µ (x) O†ν(0)|0〉 =
[
gµν − 1
qz¯
(qµz¯ν + qν z¯µ)
]
(qz¯)l+1T1(q
2) + · · · , (130)
where
Oν(0) = q¯1(0)γµγ5q2(0), (131)
and, to leading logarithmic accuracy, the relevant multiplicatively renormalizable operator
is
Ω⊥(l)µ (x) =
l∑
j=0
cn,j(iz¯∂)
l−j q¯2(x)σµαγ5z¯
α (iz¯
↔
D)
jq1(x) , (132)
with z¯ being the light-like vector as defined previously. Ω
⊥(l)
µ and Oν satisfy the relation:∑
λ
〈0|Ω⊥(l)µ (0)|13P1(P, λ)〉〈13P1(P, λ)|Oν(0)|0〉
= if⊥3P1f3P1m3P1
3(l + 1)(l + 2)
2(2l + 3)
[
gµν − 1
P z¯
(Pµz¯ν + Pν z¯µ)
]
(P z¯)l+1a⊥,
3P1
l + · · · . (133)
Using the dispersion relation for T1, a
⊥,3P1
l can be represented in the form
3(l + 1)(l + 2)
2(2l + 3)
f⊥3P1f3P1m3P1a
⊥,3P1
l
m23P1 − q2
=
1
π
∫ s⊥,3P10
0
ds
ImTOPE1 (s)
s− q2 , (134)
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where
TOPE1 (0) =
3
4π2
ln
−q2
µ2
(∫ 1
0
dα[mq2α+mq1(α− 1)]C3/2l (2α− 1)
)
− 1
q2
C
3/2
l (1)(〈q¯2q2〉+ 〈q¯1q1〉(−1)l+1)
+
[
1
3
C
3/2
l (1) + 2C
5/2
l−1(1)θ(l − 1)
]〈q¯2gsσ ·Gq2〉+ 〈q¯1gsσ ·Gq1〉(−1)l+1
q4
−2π
2
3q6
[
20C
7/2
l−2(1)θ(l − 2) + C5/2l−1(1)θ(l − 1))
]
〈αs
π
G2〉[〈q¯2q2〉+ 〈q¯1q1〉(−1)l+1].
(135)
Since 1P1 states can have small axial-vector coupling constants due the G-parity violating
(SU(3)-breaking) effect, the RG-improved sum rules for Gegenbauer moments a⊥,
3P1
l thus
read[
a⊥,
3P1
l m3P1f3P1f
⊥
3P1
e
−m23P1
/M2
+ a⊥,
1P1
l a
‖,1P1
0 m1P1f1P1f
⊥
1P1
e
−m21P1
/M2
]
3(l + 1)(l + 2)
2(2l + 3)
L−γ
⊥
(l)
/b
= −
{
3
4π2
M2(1− e−s⊥,
3P1
0 /M
2
)
(∫ 1
0
dαC
3/2
l (2α− 1)[mq2α +mq1(α− 1)]
)
L−4/b
− C3/2l (1)(〈q¯2q2〉+ 〈q¯1q1〉(−1)l+1)L4/b
−
[
1
3
C
3/2
l (1) + 2C
5/2
l−1(1)θ(l − 1)
]〈q¯2gsσ ·Gq2〉+ 〈q¯1gsσ ·Gq1〉(−1)l+1
M2
L−2/(3b)
− π
2
M4
[
20
3
C
7/2
l−2(1)θ(l − 2) +
1
3
C
5/2
l−1(1)θ(l − 1))
]
×〈αs
π
G2〉(〈q¯2q2〉+ 〈q¯1q1〉(−1)l+1)L4/b
}
, (136)
where for odd l the corrections coming from the 1P1 states are of order m
2
q and can be
neglected, whereas for even l the 13P1 and 1
1P1 states give contributions of the same order.
With l = 0, 2, we can therefore obtain the following approximation for the K1A and K1B
mesons:
a⊥,K1A0 + a
‖,K1B
0
mK1Bf
⊥
K1B
fK1B
mK1Af
⊥
K1A
fK1A
≃ − 1
mK1Af
⊥
K1A
fK1A
em¯
2/M2Lγ
⊥
(0)
/b
×
{
3
8π2
M2(1− e−s0/M2)(mq2 −ms)L−4/b − (〈q¯2q2〉 − 〈s¯s〉)L4/b
− 〈q¯2gsσ ·Gq2〉 − 〈s¯gsσ ·Gs〉
3M2
L−2/(3b) +
0
M4
〈αs
π
G2〉(〈q¯2q2〉 − 〈s¯s〉)L4/b
}
, (137)
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a⊥,K1A2 + a
⊥,K1B
2 a
‖,K1B
0
mK1Bf
⊥
K1B
fK1B
mK1Af
⊥
K1A
fK1A
≃ − 7
18
1
mK1Af
⊥
K1A
fK1A
em¯
2/M2Lγ
⊥
(2)
/b
×
{
3
8π2
M2(1− e−s0/M2)(mq2 −ms)L−4/b − 6(〈q¯2q2〉 − 〈s¯s〉)L4/b
− 12〈q¯2gsσ ·Gq2〉 − 〈s¯gsσ ·Gs〉
M2
L−2/(3b) − 25
3
π2
M4
〈αs
π
G2〉(〈q¯2q2〉 − 〈s¯s〉)L4/b
}
, (138)
with s0 ≈ s⊥,K1A0 .
4.4.3 Results
In the numerical analysis, we shall adopt parameters which are collected in Appendix C and
Tables 2 and 3. It should be noted that for the moment sum rules the actual expansion
parameter is M2/l in the large l limit [7]. As a result, for a
‖
l and a
⊥
l with a larger l and fixed
M2, the OPE series are convergent more slowly or even divergent as compared with the sum
rules for the masses or decay constants.
Consider a
‖,3P1
l first. We adopt the sum rules given in Eqs. (127) and (128). As discussed
after Eq. (128), these two sum rules can give much more reliable results than those in
Eqs. (125) and (126). For a
‖,3P1
2 , as expected, we find the higher Borel window to be
2.0 GeV2 < M2 < 3.0 GeV2, where the contributions originating from higher resonance states
lie between 15% and 32%, and moreover the correction arising from the highest dimension
term in OPE series is between 17% and 6%. For a
‖,K1A
1 +a
‖,K1B
1 a
‖,K1B
0 f
2
K1B
/f 2K1A, the correction
from highest dimension is quite small, but it is hard to estimate the contributions from higher
resonances. Fortunately, the result of this sum rule is quite stable and we will choose to use
the Borel window 1.5 GeV2 < M2 < 2.5 GeV2, which is in between the cases of the sum
rules for decay constants and a
‖,3P1
2 .
The sum rules for a⊥,
3P1
1 are the typical cases about the non-diagonal sum rules, for which
the main contributions in OPE may come from the quark and quark-gluon condensates. It
has been argued in Refs. [36, 37, 38] that these sum rules may suffer from contributions
of higher resonances, so that the value about the lowest-lying meson may be overestimate.
On the other hand, note that usually the radiative corrections are constructive at the 10%
level for each OPE term. Since we have neglected the radiative corrections, it means that
the real value for the lowest-lying meson may be underestimate. The above two corrections
may partially cancel each other. Equivalently, these two corrections can be lumped into the
uncertainties of the condensates and quark masses. In summary, the non-diagonal sum rules
may suffer from above two corrections and the net effects on results may be less than 10%.
Essentially, the above estimate is suitable for all twist-3 and twist-3 parameters studied in the
present paper. However, since we do not do the qualitative estimates about the parameters,
we thus do not include these possible errors in Tables 4, 5, and 6.
The best stability of the a⊥,
3P1
1 sum rules is reached within the Borel window 1.5 GeV
2 <
M2 < 2.5 GeV2, the same as the case of a
‖,K1A
1 , where the correction from the highest
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dimension term at the quark-gluon level is quite small. For G-parity violating Gegenbauer
moments, a⊥,K1A0 + c2 · a‖,K1B0 and a⊥,K1A2 + c2 · a⊥,K1B2 a‖,K1B0 with
c2 = (mK1B/mK1A)(f
⊥
K1B
fK1B/f
⊥
K1A
fK1A),
we find the suitable Borel windows to be 1.3 GeV2 < M2 < 2.0 GeV2 and 2.0 GeV2 < M2 <
3.0 GeV2, respectively. Besides, the contributions originating from higher resonances (about
15% ∼ 32% and 15% ∼ 32% for the former and latter ones, respectively) and the highest
OPE terms (zero and 5% ∼ 2% for the former and latter ones, respectively) are well under
control.
For G-parity invariant parameters involving quark mass corrections, because the results
may be sensitive to the nonperturbative parameters for which we have considered larger
uncertainties of the parameters here (see Appendix C), we therefore re-examine the errors
of 11P1 states as well. The formulas for 1
1P1 states were given in Ref. [18]. The results for
G-parity invariant Gegenbauer moments for 11P1 and 1
3P1 states are summarized in Table 4.
Note that the results for h1 and h8 (the 1
1P1 states) are new, where use of a
⊥,ω1
2 ≈ a⊥,ω82 ≈ a⊥,φ2
has been made in the numerical analysis and a⊥,φ2 = 0.0± 0.1 [39]. To exhibit the quality of
the sum rules for the 13P1 results, the Gegenbauer moments versus the Borel mass squared
are plotted in Figs. 2 and 3.
For G-parity violating parameters, the Gegenbauer moments for K1A and K1B mix as
given in Eqs. (129), (137) and (138). On the other hand, the G-parity violating quantities
were not considered correctly in Ref. [18] owing to the mentioned mixtures and should read
a⊥,K1B1 + a
⊥,K1A
1 a
⊥,K1A
0
(f⊥K1A)
2
(f⊥K1B)
2
≃ 5
9
1
(f⊥K1A)
2
em¯
2/M2Lγ
‖
(1)
/b
{
− 3
M2
(ms〈q¯2q2〉 −mq2〈s¯s〉)
− 2
M4
(ms〈q¯2gsσGq2〉 −mq2〈s¯gsσGs〉)L−14/(3b) −
9
5
(f⊥K∗)
2a⊥,K
∗
1 e
−m2
K∗
/M2
}
, (139)
and
a
‖,K1B
2 + a
‖,K1A
2 a
⊥,K1A
0
mK1Af
⊥
K1A
fK1A
mK1Bf
⊥
K1B
fK1B
≃ − 7
18
1
mK1Bf
⊥
K1B
fK1B
em¯
2/M2Lγ
⊥
(2)
/b
×
{
3
8π2
M2(1− e−s0/M2)(mq2 −ms)L−4/b − 6(〈q¯2q2〉 − 〈s¯s〉)L4/b
− 12〈q¯2gsσ ·Gq2〉 − 〈s¯gsσ ·Gs〉
M2
L−2/(3b) − 25
3
π2
M4
〈αs
π
G2〉(〈q¯2q2〉 − 〈s¯s〉)L4/b
}
. (140)
We use the updated values a⊥,K
∗
1 (1 GeV) = 0.04±0.03 [40] and f⊥K∗ = (0.185±0.010) GeV [40]
in the numerical analysis. Eqs. (129), (137), (138), (139), and (140) do not offer sufficient
relations to obtain explicit solutions for G-parity violating parameters but can give the
following relations (at the scale µ = 1GeV):
a
‖,K1A
1 − (1.10± 0.30) a‖,K1B0 = −0.15± 0.06 ,
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a⊥,K1A0 + (0.59± 0.15) a‖,K1B0 = 0.17± 0.11 ,
a⊥,K1B1 − (1.87± 0.56) a⊥,K1A0 = 0.02± 0.08 ,
a⊥,K1A2 − (0.01± 0.16) a‖,K1B0 = 0.02± 0.18 ,
a
‖,K1B
2 − (0.08± 0.07)a⊥,K1A0 = 0.01± 0.09 , (141)
where we have substituted the numerical values of mesons’ masses and decay constants given
in Tables 2 and 3. If the above G-parity violating parameters are expected to be small as the
results for K and K∗ (for instance, see results in Ref. [40]), it is preferred that a⊥,K1A0 and
a
‖,K1B
0 have the same positive sign. On the other hand, comparing Eq. (136) in this paper
and Eq. (3.23) in Ref. [18], we obtain the good approximation between G-parity invarint
Gegenbauer moments (with odd l) of 13P1 and 1
1P1 states:
a⊥,
3P1
l ≃ a‖,
1P1
l
m1P1f1P1f
⊥
1P1
m3P1f3P1f
⊥
3P1
, (142)
which can be reconfirmed from the results in Table 4. Therefore, we further assume that
the G-parity violating Gegenbauer moments satisfy a similar relation with an enlarged un-
certainty range:
a⊥,K1A0
a
‖,K1B
0
mK1B fK1B f
⊥
K1B
mK1AfK1Af
⊥
K1A
= 1.0± 0.3. (143)
From the above estimate, it follows
a⊥,K1A0 = 0.08± 0.09 , a‖,K1B0 = 0.14± 0.15 , (144)
a
‖,K1A
1 = 0.00± 0.26, a⊥,K1B1 = 0.17± 0.22 , (145)
a⊥,K1A2 = 0.02± 0.20, a‖,K1B2 = 0.02± 0.10 , (146)
which are collected in Table 4.
Finally, four remarks are in order. First, we will simply take f⊥3P1 = f3P1, which is
independent of the scale, in the study since only the products of f⊥3P1a
⊥,3P1
l are relevant.
Second, the sum rules obtained from the nondiagonal correlation functions in Eq. (130) can
also determine the sign of f⊥3P1a
⊥,3P1
1 relative to f3P1. Third, for the present case, the RG
effects are relatively small compared with the uncertainties of input parameters. Fourth,
neglecting the small isospin violation but considering the SU(3)-breaking correction, a
‖
1, a
‖
3
a⊥0 and a
⊥
2 are nonzero only for K1A. Note that here we adopt the convention that q1 ≡ s
for K1A and K1B. For K1A (K1B) containing an s¯ quark, we have the following replacements
a
‖
1, a
⊥
0,2 → −a‖1,−a⊥0,2 (a‖0,2, a⊥1 → −a‖0,2,−a⊥1 ) for G-parity violating parameters.
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Table 4: Gegenbauer moments of Φ⊥ and Φ‖ for 1
3P1 and 1
1P1 mesons, where uses of
f⊥3P1 = f3P1 and f1P1 = f
⊥
1P1
(1 GeV) have been made. For 11P1 states, the results for h1 and
h8 are new, for a
‖,K1B
0,2 and a
⊥,K1B
1 are corrected, and for the rest are updated.
µ a
‖,a1(1260)
2 a
‖,f
3P1
1
2 a
‖,f
3P1
8
2 a
‖,K1A
2 a
‖,K1A
1
1 GeV
2.2 GeV
−0.02 ± 0.02
−0.01 ± 0.01
−0.04± 0.03
−0.03± 0.02
−0.07 ± 0.04
−0.05 ± 0.03
−0.05 ± 0.03
−0.04 ± 0.02
0.00 ± 0.26
0.00 ± 0.22
µ a
⊥,a1(1260)
1 a
⊥,f
3P1
1
1 a
⊥,f
3P1
8
1 a
⊥,K1A
1 a
⊥,K1A
0 a
⊥,K1A
2
1 GeV
2.2 GeV
−1.04 ± 0.34
−0.85 ± 0.28
−1.06± 0.36
−0.86± 0.29
−1.11 ± 0.31
−0.90 ± 0.25
−1.08 ± 0.48
−0.88 ± 0.39
0.08 ± 0.09
0.07 ± 0.08
0.02 ± 0.20
0.01 ± 0.15
µ a
‖,b1(1235)
1 a
‖,h
1P1
1
1 a
‖,h
1P1
8
1 a
‖,K1B
1 a
‖,K1B
0 a
‖,K1B
2
1 GeV
2.2 GeV
−1.95 ± 0.35
−1.61 ± 0.29
−2.00± 0.35
−1.65± 0.29
−1.95 ± 0.35
−1.61 ± 0.29
−1.95 ± 0.45
−1.61 ± 0.37
0.14 ± 0.15
0.14 ± 0.15
0.02 ± 0.10
0.01 ± 0.07
µ a
⊥,b1(1235)
2 a
⊥,h
1P1
1
2 a
⊥,h
1P1
8
2 a
⊥,K1B
2 a
⊥,K1B
1
1 GeV
2.2 GeV
0.03 ± 0.19
0.02 ± 0.15
0.18 ± 0.22
0.14 ± 0.17
0.14 ± 0.22
0.11 ± 0.17
−0.02 ± 0.22
−0.02 ± 0.17
0.17 ± 0.22
0.14 ± 0.18
5 Determinations of three-parton LCDAs of twist-three
In this section, using the QCD sum rule approach, we estimate the relevant parameters
involving SU(3)-breaking effects in determinations of the three-parton LCDAs of twist-three.
The quark masses (SU(3)-breaking effects), can give contributions not only to G-parity
invariant conformal moments but also G-parity violating ones of LCDAs. In the calculation,
the OPE series in the QCD sum rules are evaluated up to dimension-seven, but up to
dimension-four for terms proportional to the quark masses.
The parameters can be calculated from the standard QCD sum rule approach by adopting
a relevant two-point correlation function as the starting point. The choices of suitable
interpolating currents may affect the qualities of the final estimates. Note again that in
SU(3) limit the decay constant for a 13P1 state transiting to the vacuum via the local
(pseudo-)tensor current vanishes due to the G-parity mismatch between the current and
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Figure 2: G-parity invariant Gegenbauer moments of leading twist LCDAs for
13P1 states, corresponding to the scale µ = 1 GeV, as functions of the Borel
mass squared. The solid curves and bands correspond to the central values
and uncertainties of the input parameters, respectively.
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Figure 3: G-parity violating Gegenbauer moments of leading twist LCDAs,
corresponding to the scale µ = 1 GeV, as functions of the Borel mass squared,
where c1 = f
2
K1B
/f 2K1A and c2 = (mK1B/mK1A)(f
⊥
K1B
fK1B/f
⊥
K1A
fK1A). The solid
curves and bands correspond to the central values and uncertainties of the
input parameters, respectively.
states, whereas the axial-vector decay constant vanishes for a 11P1 meson. Motivated from
the above properties and to determine not only the magnitudes but also the relative signs for
parameters relevant to three-parton LCDAs of twist-3, we thus choose one of the interpolating
currents in the two-point correlation functions to be the local axial-vector (or pseudo-tensor)
current to calculate the parameters for the 13P1 (or 1
1P1) state, i.e., we consider the non-
diagonal correlation functions here. We did not consider the diagonal correlation functions
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in the beginning since it cannot determine the sign 9 of the parameters and cannot be used
to evaluate the G-parity violating parameters due to the mixes of the 13P1 and 1
1P1 states.
Unlike results from diagonal correlation functions, where the perturbative contribution
may dominate in the OPE series, our results show that the leading contributions are dom-
inated by the term with the quark or gluon condensate in the most cases, and we may
need to take into account a higher Borel window, so that the contribution originating from
the highest dimension term in the OPE expansion can be well under control. However, a
problem occurs in the f⊥3,3P1 study for which the quark condensate contributions vanish in
O(αs) after adding all the diagrams, and therefore the OPE result become highly unreliable
(see the details in Sec. 5.1.3). We therefore resort to the diagonal sum rule for pursuing
this parameter. However the lowest lying pseudoscalar meson contributes to the diagonal
sum rule. Fortunately, although the pseudoscalar meson contribution is involved in the di-
agonal sum rule, such effects can be subtracted by using the non-diagonal sum rule for the
pseudoscalar meson. These two sum rules have been studied in Ref. [20] for calculating the
twist-3 parameter f3K relevant to the twist-3 three-parton LCDA of the kaon. Instead, we
use these two sum rules to extract the value of f⊥3,3P1.
We study the parameters relevant to twist-3 three-parton LCDAs for 13P1 and 1
1P1
states in Secs. 5.1 and 5.2, respectively. One should note that, as calculating the sum rules
for G-parity symmetric parameters of twist-3 three-parton LCDAs of 13P1 (1
1P1) mesons,
the G-parity violating parameters for 11P1 (1
3P1) states, relatively suppressed by O(m2q),
contribute to them but can be negligible. However, the sum rules for G-parity violating
parameters for 13P1 (1
1P1) mesons receive the contributions arising from G-parity symmetric
parameters about 11P1 (1
3P1) states, which are of the same order of magnitude because the
axial-vector decay constants (pseudo-tensor decay constants) for 11P1 (1
3P1) states do not
vanish due to the quark mass corrections. The numerical results are given in Sec. 5.3. To
LO approximation and including the quark mass corrections, the complete RG evolutions of
the parameters are given in Appendix C.
5.1 Axial-vector mesons with quantum number 13P1
5.1.1 fV3,3P1, ω
V
3P1
and σV3P1
The coupling constants fV3,3P1 , ω
V
3P1
and σV3P1 can be obtained by considering the correlation
functions,
i
∫
d4x eiqx 〈0|T
{
J3,V1, µ (x), q¯1(0)γνγ5q2(0)
}
|0〉 = −T V3P1(q2) (qz¯)2g⊥µν + · · · , (147)
9 It is a little different for the definition of the diagonal correlation function here and in Ref. [20]. In
Ref. [20] and related studies, the authors choose the non-local light-ray operators in calculating the correlation
functions. According to their definition, although some parameters’ signs can be determined in the diagonal
sum rules which are actually non-diagonal in our definition, the relative signs of fV3,A, f
A
3,A and f
⊥
3,A still
cannot be established.
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i∫
d4x eiqx 〈0|T
{
J3,V2, µ (x), q¯1(0)γνγ5q2(0)
}
|0〉 = −T V,αg3P1 (q2) (qz¯)3g⊥µν + · · · , (148)
i
∫
d4x eiqx 〈0|T
{
J3,V3, µ (x), q¯1(0)γνγ5q2(0)
}
|0〉 = −T V,σ3P1 (q2) (qz¯)3g⊥µν + · · · , (149)
where the currents are defined as
J3,V1, µ (0) = z¯
αz¯β q¯2(0)γαgsG˜βµ(0)q1(0) , (150)
J3,V2, µ (0) = z¯
αz¯β q¯2(0)γαgs[iDz¯G˜βµ(0)]q1(0) , (151)
J3,V3, µ (0) = z¯
αz¯β q¯2(0)γαgsiz¯
δ[G˜βµ(0)
→
Dδ −
←
Dδ G˜βµ(0)]q1(0) , (152)
which can couple to the 13P1 states as
〈0|J3,V1, µ (0)|13P1(P, λ)〉 = −ifV3,3P1(P z¯)2ǫ(λ)⊥,µ +O(z¯µ) , (153)
〈0|J3,V2, µ (0)|13P1(P, λ)〉 = −ifV3,3P1〈αVg 〉(P z¯)3ǫ(λ)⊥,µ +O(z¯µ) , (154)
〈0|J3,V3, µ (0)|13P1(P, λ)〉 = −ifV3,3P1σV3P1(P z¯)3ǫ
(λ)
⊥,µ +O(z¯µ) , (155)
with O(z¯µ) including the twist-4 correction and the average gluon momentum fraction 〈αVg 〉
satisfying
〈αVg 〉 =
3
7
+
3
28
ωV3P1 . (156)
Here and below the ellipses denote terms irrelevant to the present studies. It should be note
that T V3P1 , T
V,αg
3P1
, and T V,σ3P1 receive no contributions from pseudoscalar states.
Assuming the quark-hadron duality, we can obtain the approximate expressions
1
m23P1 − q2
m3P1f3P1f
V
3 3P1
=
1
π
∫ s3P10
0
ds
ImT V,OPE3P1 (s)
s− q2 , (157)
1
m23P1 − q2
m3P1f3P1f
V
3,3P1
〈αVg 〉 =
1
π
∫ s3P10
0
ds
ImT
V,αg,OPE
3P1
(s)
s− q2 , (158)
and
1
m23P1 − q2
m3P1f3P1f
V
3,3P1
σV3P1 =
1
π
∫ s3P10
0
ds
ImT V,σ,OPE3P1 (s)
s− q2 , (159)
where
T V,OPE3P1 (q
2) = − αs
144π3
q2 ln
−q2
µ2
− 1
24πq2
〈αsG2〉+ 8παs
27q4
(
〈q¯1q1〉2 + 〈q¯2q2〉2 − 3〈q¯1q1〉〈q¯2q2〉
)
+
αs
36πq2
[
5
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
+ 4
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(
ln
−q2
µ2
− 17
6
)]
,
(160)
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T
V,αg,OPE
3P1
= − αs
120π3
q2 ln
−q2
µ2
+ (0 +O(αs))〈αsG2〉 − 8παs
9q4
〈q¯1q1〉〈q¯2q2〉
+
αs
12πq2
[
1
2
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
+
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(
ln
−q2
µ2
− 11
3
)]
.
(161)
and
T V,σ,OPE3P1 (q
2) =
−αs
36πq2
[
7
2
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
−
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
ln
−q2
µ2
− 11
3
)]
+0 · 〈αsG2〉+ 0 · 〈q¯1q1〉〈q¯2q2〉+ (0 +O(α2s))
(
〈q¯1q1〉2, 〈q¯2q2〉2
)
. (162)
Note that T V3P1 , T
V,α
3P1
, and T V,σ3P1 receive contributions from
1P1 states because
1P1 states have
small axial-vector coupling constants due to mq1 −mq2 6= 0. Consequently, after performing
the Borel transform, we obtain the sum rules:
e
−m23P1
/M2
m3P1f3P1f
V
3,3P1
+ e
−m21P1
/M2
m1P1f1P1a
‖,11P1
0 f
V
3,1P1
λV1P1
=
αs
144π3
∫ s3P10
0
s e−s/M
2
ds+
1
24π
〈αsG2〉+ 8παs
27M2
(
〈q¯1q1〉2 + 〈q¯2q2〉2 − 3〈q¯1q1〉〈q¯2q2〉
)
− αs
36π
[
5
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
−4
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(17
6
+ γE + ln
µ2
M2
− Ei
(
− s0
M2
))]
, (163)
e
−m23P1
/M2
m3P1f3P1f
V
3,3P1
(
3
7
+
3
28
ωV3P1
)
+ e
−m21P1
/M2
m1P1f1P1a
‖,11P1
0 f
V
3,1P1
(
3
7
λV1P1 +
3
28
σV1P1
)
=
αs
120π3
∫ s3P10
0
s e−s/M
2
ds− 8παs
9M2
〈q¯1q1〉〈q¯2q2〉+ αs
12π
[
− 1
2
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
+
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(11
3
+ γE + ln
µ2
M2
− Ei
(
− s0
M2
))]
, (164)
e
−m23P1
/M2
m3P1f3P1f
V
3,3P1
σV3P1 + e
−m21P1
/M2
m1P1f1P1a
‖,11P1
0 f
V
3,1P1
=
αs
36π
[
7
2
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(11
3
+ γE + ln
µ2
M2
− Ei
(
− s0
M2
))]
. (165)
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As for Eqs. (163) and (164), the contributions, arising from G-parity breaking parameters
relevant to twist-3 three-parton LCDAs of the 11P1 state, are relatively suppressed by O(m2q)
and can be negligible. Nevertheless, in Eq. (165), the contribution originating from the 11P1
state is of the same order of magnitude as the G-parity breaking parameter relevant to the
13P1 state, and should be taken into account. Similar situations occur in Eqs. (178), (179),
(180), (193), (194), and (195) in the following subsections 5.1.2 and 5.1.3.
5.1.2 fA3,3P1, λ
A
3P1
, and σA3P1
The constants fA3,3P1, λ
A
3P1
, and σA3P1 for 1
3P1 mesons can be defined as the following matrix
elements
〈0|J3,A3, µ (0)|A(P, λ)〉 = −fA3,3P1 (P z¯)3ǫ(λ)⊥,µ +O(z¯µ) , (166)
〈0|J3,A1, µ (0)|A(P, λ)〉 = −fA3,3P1 λA3P1(P z¯)2ǫ
(λ)
⊥,µ +O(z¯µ) , (167)
〈0|J3,A2, µ (0)|A(P, λ)〉 = −fA3,3P1
(
3
7
λA3P1 +
3
28
σA3P1
)
(P z¯)3ǫ
(λ)
⊥,µ +O(z¯µ) , (168)
where O(z¯µ) involves the twist-4 correction and the interpolating currents are
J3,A1, µ (0) = z¯
αz¯β q¯2(0)γαγ5gsGβµ(0)q1(0) , (169)
J3,A2, µ (0) = z¯
αz¯β q¯2(0)γαγ5gs
[
iDz¯Gβµ(0)
]
q1(0) , (170)
J3,A3, µ (0) = z¯
αz¯β q¯2(0)γαγ5gs[Gβµ(0)i
→
D z − i
←
D zGβµ(0)]q1(0) . (171)
Thus, to evaluate fA3,3P1, λ
A
3,3P1
, and σA3,3P1, we consider the non-diagonal correlation functions,∫
d4x eiqx 〈0|T
{
J3,A3, µ (x), q¯1(0)γνγ5q2(0)
}
|0〉 = TA3P1(q2) (qz¯)3g⊥µν + · · · , (172)∫
d4x eiqx 〈0|T
{
J3,A1, µ (x), q¯1(0)γνγ5q2(0)
}
|0〉 = TA,λ3P1 (q2) (qz¯)2g⊥µν + · · · , (173)∫
d4x eiqx 〈0|T
{
J3,A2, µ (x), q¯1(0)γνγ5q2(0)
}
|0〉 = TA,σ3P1 (q2) (qz¯)3g⊥µν + · · · , (174)
where we get
TA,OPE3P1 (q
2) = − αs
1440π3
q2 ln
−q2
µ2
− 1
72πq2
〈αsG2〉+ αs
36πq2
[
9
2
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
−
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(
ln
−q2
µ2
+
1
3
)]
+(0 +O(α2s))
(
〈q¯1q1〉〈q¯2q2〉, 〈q¯1q1〉2, 〈q¯2q2〉2
)
, (175)
40
TA,λ,OPE3P1 (q
2) =
αs
36πq2
[
5
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
− 4
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
ln
−q2
µ2
− 2
3
)]
+0 · 〈αsG2〉 − 8παs
27q4
(
〈q¯1q1〉2 − 〈q¯2q2〉2
)
, (176)
TA,σ,OPE3P1 (q
2) =
αs
24πq2
[(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
− 2
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
ln
−q2
µ2
− 1
)]
+0 · 〈αsG2〉+ 0 · 〈q¯1q1〉〈q¯2q2〉+ (0 +O(α2s))
(
〈q¯1q1〉2, 〈q¯2q2〉2
)
. (177)
From the above OPE results, it follows the sum rules:
e
−m23P1
/M2
m3P1f3P1f
A
3,3P1
+ e
−m21P1
/M2
m1P1f1P1a
‖,11P1
0 f
A
3,1P1
σA1P1
=
αs
1440π3
∫ s3P10
0
s e−s/M
2
ds+
1
72π
〈αsG2〉+ αs
36π
[
− 9
2
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
+
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(1
3
− γE − ln µ
2
M2
+ Ei
(
− s0
M2
))]
, (178)
e
−m23P1
/M2
m3P1f3P1 f
A
3,3P1
λA3P1 + e
−m21P1
/M2
m1P1f1P1a
‖,11P1
0 f
A
3,1P1
= − 8παs
27M2
(
〈q¯1q1〉2 − 〈q¯2q2〉2
)
+
αs
36π
[
− 5
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+4
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
− 2
3
− γE − ln µ
2
M2
+ Ei
(
− s0
M2
))]
, (179)
and
e
−m23P1
/M2
m3P1f3P1 f
A
3,3P1
(
3
7
λA3P1 +
3
28
σA3P1
)
+ e
−m21P1
/M2
m1P1f1P1a
‖,11P1
0 f
A
3,1P1
(
3
7
+
3
28
ωA1P1
)
=
αs
24π
[
−
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+2
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
− 1− γE − ln µ
2
M2
+ Ei
(
− s0
M2
))]
. (180)
5.1.3 f⊥3,3P1, ω
⊥
3P1
and σ⊥3P1
To evaluate the coupling constants f⊥3,3P1 , ω
⊥
3P1
and σ⊥3P1 of 1
3P1 states, we first consider the
following non-diagonal correlation functions,
i
∫
d4x eiqx 〈0|T
{
J3,⊥1 (x) , q¯1(0)γµγ5q2(0)
}
|0〉 = T⊥3P1(q2) (qz¯)z¯µ + · · · , (181)
i
∫
d4x eiqx 〈0|T
{
J3,⊥2 (x) , q¯1(0)γµγ5q2(0)
}
|0〉 = T⊥,αg3P1 (q2) (qz¯)2z¯µ + · · · , (182)
41
i∫
d4x eiqx 〈0|T
{
J3,⊥3 (x) , q¯1(0)γµγ5q2(0)
}
|0〉 = T⊥,σ3P1 (q2) (qz¯)2z¯µ + · · · , (183)
where
J3,⊥1 (0) = q¯2(0)z¯
β z¯λσαβγ5gsG
λα(0)q1(0) , (184)
J3,⊥2 (0) = q¯2(0)z¯
β z¯λσαβγ5gs[iDz¯G
λα(0)]q1(0) , (185)
J3,⊥3 (0) = q¯2(0)z¯
β z¯λσαβγ5gsiz¯
δ[Gλα(0)
→
Dδ −
←
Dδ G
λα(0)]q1(0) . (186)
To including the light quark masses consistently to the O(αs), the currents needs to be
replaced by the renormalized ones as
J3,⊥1 −→ J¯3,⊥1 = J3,⊥1 +
αs
4π
4
9εˆ
(m1 +m2)z¯
αiD · z¯(q¯2 6 z¯γ5q1) , (187)
J3,⊥2 −→ J¯3,⊥2 = J3,⊥2 +
αs
4π
1
5εˆ
(m1 +m2)z¯
α(iD · z¯)2(q¯2 6 z¯γ5q1) , (188)
J3,⊥3 −→ J¯3,⊥3 = J3,⊥3 −
αs
4π
1
9εˆ
(m1 −m2)z¯α(iD · z¯)2(q¯2 6 z¯γ5q1) , (189)
where
1
εˆ
=
1
ε
+ γE − ln 4π ,
and d (dimension) = 4 + 2ε. As adopted in all the calculations of this paper, the modified
minimal substraction scheme (MS) is used to regularize the divergent integrals. From the
technical point of view, the reason that we have to take into account the mixings of J3,⊥i and
twist-2 operators is because we need to remove the nonphysical ln(−q2/µ2)/εˆ terms in the
calculation. Physically speaking, f⊥3,3P1 and f
⊥
3,3P1
ω⊥3P1 mix with f3P1(mq1+mq2), while f
⊥
3,3P1
σ⊥3P1
mixes with f3P1(mq1 − mq2). For a massive quark, the above mixings were studied in Ref.
[20] by using the light-ray-operator technique [41]. According to their results, (i) f⊥3,3P1 can
mix with (mq1 +mq2) f3P1 and (mq1 +mq2) f3P1a
‖,3P1
1 , (ii) f
⊥
3,3P1
ω⊥3P1 with (mq1 +mq2) f3P1 and
(mq1 +mq2) f3P1a
‖,3P1
1 , and (mq1 +mq2) f3P1a
‖,3P1
2 , and (iii) f
⊥
3,3P1
σ⊥3P1 with (mq1 −mq2) f3P1
and (mq1 − mq2) f3P1a‖,
3P1
1 , and (mq1 − mq2) f3P1a‖,
3P1
2 . Neglecting the corrections arising
from a
‖,3P1
1 and a
‖,3P1
2 , our results basically agree with those given in Ref. [20] except a
sign difference for J3,⊥3 . To LO approximation, the complete RG evolutions of the relevant
parameters are collected in Appendix C.
T⊥3P1(q
2), T
⊥,αg
3P1
, and T⊥,σ3P1 are relevant for the present consideration and the OPE results
are given by
T⊥,OPE3P1 (q
2) = (m1 +m2)
αs
144π3
q2 ln
−q2
µ2
[
5− 2 ln −q
2
µ2
]
+ (0 +O(α2s))
(
〈q¯1q1〉+ 〈q¯2q2〉
)
− 1
108q2
(
ln
−q2
µ2
− 547
96
)αs
π
(
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
)
− π
9q4
〈αsG2〉(〈q¯1q1〉+ 〈q¯2q2〉) , (190)
42
T
⊥,αg,OPE
3P1
(q2) = (m1 +m2)
αs
320π3
q2 ln
−q2
µ2
[83
10
− 2 ln −q
2
µ2
]
+ (0 +O(α2s))
(
〈q¯1q1〉+ 〈q¯2q2〉
)
− 1
216q2
(
ln
−q2
µ2
− 823
96
)αs
π
(
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
)
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉+ 〈q¯2q2〉) , (191)
T⊥,σ,OPE3P1 (q
2) = (m1 −m2) αs
576π3
q2 ln
−q2
µ2
[47
5
− 2 ln −q
2
µ2
]
−αs
6π
(
ln
−q2
µ2
+ const.
)
(〈q¯1q1〉 − 〈q¯2q2〉)
+
1
216q2
(
ln
−q2
µ2
− 847
96
)αs
π
(
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
)
+
π
9q4
〈αsG2〉(〈q¯1q1〉 − 〈q¯2q2〉) . (192)
For the coefficient of the quark-gluon condensate in the above equations, the logarithmic
factor arises from the contribution of the diagrams that contains a loop connecting a quark
propagator, where the quark propagator (which does not belong to the part of the loop) emits
a soft gluon into the condensate. Note that there is no infrared pole (IR) in the calculations
of the present work due to the fact that the off-shell external momentum −q2 < 0 regularize
the IR singularity in QCD sum rule approach. (It is interesting to note that the infrared
sensitive terms ∼ ln(−q2/m2q) may appear as considering the order up to m2q . However, they
can be absorbed into the condensate [42].)
The sum rules for f⊥3,3P1, ω
⊥
3P1
and σ⊥3P1 therefore read
e
−m23P1
/M2
m23P1f3P1f
⊥
3,3P1
+ e
−m21P1
/M2
m21P1f1P1a
‖,11P1
0 f
⊥
3,1P1
λ⊥1P1
= (m1 +m2)
αs
144π3
∫ s3P10
0
s
(
− 5 + 4 ln s
µ2
)
e−s/M
2
ds
− αs
108π
[
547
96
+
(
γE + ln
µ2
M2
− Ei
(
− s0
M2
)](
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
)
− π
9M2
〈αsG2〉(〈q¯1q1〉+ 〈q¯2q2〉) , (193)
e
−m23P1
/M2
m23P1f3P1f
⊥
3,3P1
(
3
7
+
3
28
ω⊥3P1
)
+ e
−m21P1
/M2
m21P1f1P1a
‖,11P1
0 f
⊥
3,1P1
(
3
7
λ⊥1P1 +
3
28
σ⊥1P1
)
= (m1 +m2)
αs
320π3
∫ s3P10
0
s
(
− 83
10
+ 4 ln
s
µ2
)
e−s/M
2
ds
− αs
216π
[
823
96
+
(
γE + ln
µ2
M2
− Ei
(
− s0
M2
))](
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
)
, (194)
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and
e
−m23P1
/M2
m23P1f3P1f
⊥
3,3P1
σ⊥3P1 + e
−m21P1
/M2
m21P1f1P1a
‖,11P1
0 f
⊥
3,1P1
= (m1 −m2) αs
576π3
∫ s3P10
0
s
(
− 47
5
+ 4 ln
s
µ2
)
e−s/M
2
ds
+
αs
6π
(〈q¯1q1〉 − 〈q¯2q2〉)
∫ s3P10
0
e−s/M
2
ds
+
αs
216π
[
847
96
+
(
γE + ln
µ2
M2
− Ei
(
− s0
M2
)](
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
)
+
π
9M2
〈αsG2〉(〈q¯1q1〉 − 〈q¯2q2〉) . (195)
Unfortunately, one can read from Eq. (190) or Eq. (193) that for the f⊥3,3P1 sum rule the
term of dimension-3 in OPE series vanishes in O(αs), while the terms of dimensions-5 and
-7 are comparable in magnitude but with the opposite signs. As a result, the OPE series
does not show any convergent behavior.
Therefore, to evaluate f⊥3,3P1, we further consider the following diagonal correlation func-
tion,
i
∫
d4x eiqx 〈0|T
{
J3,
3P1
⊥ (x) , J
3,3P1
⊥ (0)
}
|0〉 = −T˜⊥(q2) (qz¯)4 . (196)
However, at the hadronic level, the lowest-lying resonance for the above correlation function
is the pseudoscalar meson (the 0− state). To subtract the contribution arising from the
lowest pseudoscalar meson, we study the following non-diagonal correlation function:
i
∫
d4x eiqx 〈0|T
{
J3,
3P1
ω⊥
(x) , q1(0)γ5q2(0)
}
|0〉 = −T˜ ′⊥(q2) (qz¯)5 , (197)
where
zβzµ〈0|q2σαβγ5gsG αµ q1|PS(P )〉 = 2if3PS(Pz)2 (198)
with “PS ≡ the lowest-lying pseudoscalar meson”. Only the pseudoscalar mesons contribute
to the above non-diagonal correlation function. T˜⊥(q2) and T˜ ′
⊥
(q2) have been calculated in
Ref. [20] for studying f3K .
Using the results given in Ref. [20], the corresponding sum rules are
4 e−m
2
PS/M
2
f 23PS + e
−m23P1
/M2
(f⊥3,3P1)
2 =
αs
360π3
∫ s3P10
0
s e−s/M
2
ds+
89
5184
αs
π2
〈αsG2〉
+
αs
18π
(mq1〈q¯1q1〉+mq2〈q¯2q2〉)−
αs
108π
1
M2
(
mq1〈q¯1gsσGq1〉+mq2〈q¯2gsσGq2〉
)
+
71
729
α2s
M2
(〈q¯1q1〉2 + 〈q¯2q2〉2) + 32
81
α2s
M2
〈q¯1q1〉〈q¯2q2〉 , (199)
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and
2 e−m
2
PS/M
2
f3PS
fPSm
2
PS
mq1 +mq2
=
αs
72π3
∫ sPS0
0
s e−s/M
2
ds+
1
12π
〈αsG2〉
− αs
9π
(mq1〈q¯1q1〉+mq2〈q¯2q2〉)
− 2αs
9π
(mq1〈q¯2q2〉+mq2〈q¯1q1〉)
(
8
3
+ γE + ln
µ2
M2
− Ei
(
− s0
M2
))
− 1
6M2
(
mq1〈q¯2gsσGq2〉+mq2〈q¯1gsσGq1〉
)
+
16
27
παs
M2
(〈q¯1q1〉2 + 〈q¯2q2〉2) + 16
9
παs
M2
〈q¯1q1〉〈q¯2q2〉 . (200)
In calculating the f⊥3,3P1 sum rule, we substitute f3PS by using the expression given in
Eq. (200). Although the sign of f⊥3,3P1 compared with f3P1 cannot be determined from
Eq. (199), there are two indications that the sign of f⊥3,3P1 should be negative. One is that at
the large M2 limit the result of Eq. (193) implies the negative f⊥3,3P1 although the sum rule
cannot offer its reliable magnitude. The other one is that only the negative f⊥3,3P1 can result
in a physical value for 〈α⊥g 〉, the average gluon momentum fraction in a 13P1 meson, which
should satisfy
0 ≤ 〈α⊥g 〉 =
3
7
+
3
28
ω⊥3P1 ≤ 1 . (201)
Note that, as for ω⊥3P1 sum rule (Eq. (194)) which is dominated by the quark-gluon condensate,
because the contribution O(αs) of the dimension-7 term, ∼ 〈αsG2〉(〈q¯1q1〉+〈q¯2q2〉), is absent,
we thus do not further study a different correlation function.
5.2 Axial-vector mesons with quantum number 11P1
5.2.1 fV3,1P1, λ
V
1P1
, and σV1P1
The coupling constants fV3,1P1, λ
V
1P1
, and σV1P1 can be obtained through the following matrix
element
〈0|J3,V3, µ (0)|11P1(P, λ)〉 = −ifV3,1P1 (P z¯)3ǫ(λ)⊥,µ +O(z¯µ) , (202)
〈0|J3,V1, µ (0)|11P1(P, λ)〉 = −ifV3,1P1 λV1P1(P z¯)2ǫ
(λ)
⊥,µ +O(z¯µ) , (203)
〈0|J3,V2, µ (0)|11P1(P, λ)〉 = −ifV3,1P1
(
3
7
λV1P1 +
3
28
σV1P1
)
(P z¯)3ǫ
(λ)
⊥,µ +O(z¯µ) , (204)
where the currents have been defined in Eqs. (150), (151), and (152). To evaluate fV3,1P1 ,
λV1P1, and σ
V
1P1
, we consider the following “non-diagonal” correlation functions,∫
d4x eiqx〈0|T
{
J3,V3, µ (x) , q¯1(0)z¯
λσνλγ5q2(0)
}
|0〉 = T V1P1(q2) (qz¯)4g⊥µν + · · · , (205)
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∫
d4x eiqx〈0|T
{
J3,V1, µ (x) , q¯1(0)z¯
λσνλγ5q2(0)
}
|0〉 = T V,λ1P1 (q2) (qz¯)3g⊥µν + · · · , (206)∫
d4x eiqx〈0|T
{
J3,V2, µ (x) , q¯1(0)z¯
λσνλγ5q2(0)
}
|0〉 = T V,σ1P1 (q2) (qz¯)4g⊥µν + · · · . (207)
Concerning the light quark masse corrections to the correlation functions, we have to replace
the currents by the renormalized ones:
J3,V3, µ −→ J¯3,V3, µ = J3,V3, µ +
αs
4π
1
18εˆ
(m1 +m2)z¯
αi(iD · z¯)2(q¯2σαµγ5q1) , (208)
J3,V1, µ −→ J¯3,V1, µ = J3,V1, µ −
αs
4π
2
9εˆ
(m1 −m2)z¯αi(iD · z¯)(q¯2σαµγ5q1) , (209)
J3,V2, µ −→ J¯3,V2, µ = J3,V2, µ −
αs
4π
1
10εˆ
(m1 −m2)z¯αi(iD · z¯)2(q¯2σαµγ5q1) . (210)
The above mixings lead to that fV3,1P1 mixes with f
⊥
1P1
(mq1+mq2), while f
V
3,1P1
λ⊥1P1 and f
V
3,1P1
σ⊥1P1
mix with f⊥1P1(mq1 − mq2). We did not find any explicit result in the literature that can
be used to compare with the present calculations. However, in analogy to the discussion
after Eq. (189), the relevant parameters can mix in addition with f⊥1P1(mq1 ± mq2)a
⊥,1P1
1
and f⊥1P1(mq1 ± mq2)a
⊥,1P1
2 , where the upper sign corresponds to the G-parity conserving
parameter fV3,1P1 and the lower sign to the G-parity violating parameters for which f
V
3,1P1
λ⊥1P1
does not mix with f⊥1P1(mq1 − mq2)a
⊥,1P1
2 . We have neglected the RG-corrections due to
(mq1 ±mq2)a⊥,
1P1
1 and (mq1 ±mq2)a⊥,
1P1
2 in the present calculations. Considering the mass
corrections in the RG equations, the scale dependence of the parameters relevant to the
twist-three three-parton LCDAs is summarized in Appendix C.
The OPE results of T V1P1(q
2), T V,λ1P1 (q
2) and T V,α1P1 (q
2) are
T V,OPE1P1 (q
2) = (m1 +m2)
αs
1152π3
ln
−q2
µ2
[
13− 2 ln −q
2
µ2
]
+
αs
18π
〈q¯1q1〉+ 〈q¯2q2〉
q2
+
5
108
αs
π
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
q4
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉+ 〈q¯2q2〉) , (211)
T V,λ,OPE1P1 (q
2) = (m1 −m2) αs
288π3
ln
−q2
µ2
[
− 11 + 2 ln −q
2
µ2
]
+
αs
9π
〈q¯1q1〉 − 〈q¯2q2〉
q2
+
173
3456
αs
π
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
q4
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉 − 〈q¯2q2〉) , (212)
and
T V,σ,OPE1P1 (q
2) = (m1 −m2) αs
3200π3
ln
−q2
µ2
[
− 57 + 10 ln −q
2
µ2
]
46
+
αs
18π
〈q¯1q1〉 − 〈q¯2q2〉
q2
+
107
1728
αs
π
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
q4
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉 − 〈q¯2q2〉) , (213)
respectively. Note that T V1P1 , T
V,λ
1P1
, and T V,σ1P1 can receive contributions from
3P1 states because
3P1 states have small pseudo-tensor coupling constants due to the unequal quark masses.
Consequently, we obtain the QCD sum rules
e
−m21P1
/M2
f⊥1P1f
V
3,1P1
+ e
−m23P1
/M2
f⊥3P1a
⊥,13P1
0 f
V
3,3P1
σV3P1
= (m1 +m2)
αs
1152π3
∫ s1P10
0
[
− 13 + 4 ln s
µ2
]
e−s/M
2
ds
− αs
18π
(
〈q¯1q1〉+ 〈q¯2q2〉
)
+
5
108
αs
π
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
M2
, (214)
e
−m21P1
/M2
f⊥1P1f
V
3,1P1
λV1P1 + e
−m23P1
/M2
f⊥3P1a
⊥,13P1
0 f
V
3,3P1
= (m1 −m2) αs
288π3
∫ s1P10
0
[
11− 4 ln s
µ2
]
e−s/M
2
ds
−αs
9π
(
〈q¯1q1〉 − 〈q¯2q2〉
)
+
173
3456
αs
π
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
M2
, (215)
and
e
−m21P1
/M2
f⊥1P1f
V
3,1P1
(
3
7
λV1P1 +
3
28
σV1P1
)
+ e
−m23P1
/M2
f⊥3P1a
⊥,13P1
0 f
V
3,3P1
(
3
7
+
3
28
ωV3P1
)
= (m1 −m2) αs
3200π3
∫ s1P10
0
[
57− 20 ln s
µ2
]
e−s/M
2
ds
− αs
18π
(
〈q¯1q1〉 − 〈q¯2q2〉
)
+
107
1728
αs
π
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
M2
. (216)
In Eqs. (214), the contribution originating from G-parity breaking parameters a⊥,1
3P1
0 σ
V
3P1
relevant to LCDAs of the 13P1 state are relatively suppressed by O(m2q) and can thus be
neglected. In Eqs. (215) and (216), the contributions arising from the 13P1 state are of the
same order of magnitude as the G-parity breaking parameters related to the 11P1 state, and
should be taken into account in the numerical analysis. Analogously, one needs to take into
account the corrections due to the 13P1 state in Eqs. (232), (243) and (244) in the following
subsections, whereas such corrections can be negligible in Eqs. (230), (231) and (242).
5.2.2 fA3,1P1, ω
A
1P1
and σA1P1
The parameters fA3,1P1, ω
A
1P1
and σA1P1 are defined through the matrix elements:
〈0|J3,A1, µ (0)|11P1(P, λ)〉 = −fA3,1P1(P z¯)2ǫ
(λ)
⊥,µ +O(z¯µ) , (217)
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〈0|J3,A2, µ (0)|11P1(P, λ)〉 = −fA3,1P1〈αAg 〉(P z¯)3ǫ(λ)⊥,µ +O(z¯µ) , (218)
〈0|J3,A3, µ (0)|11P1(P, λ)〉 = −fA3,1P1σA1P1(P z¯)3ǫ
(λ)
⊥,µ +O(z¯µ) , (219)
where the interpolating currents have been given by Eqs. (169), (170), and (171). O(z¯µ)
contains the twist-3 and twist-4 corrections, and the average gluon momentum fraction 〈αAg 〉
satisfies
〈αAg 〉 =
3
7
+
3
28
ωA1P1 . (220)
fA3,1P1, ω
A
1P1
and σA1P1 can be therefore evaluated by considering the correlation functions,
i
∫
d4x eiqx 〈0|T
{
J3,A1, µ (x) , q¯1(0)z¯
λσνλγ5q2(0)
}
|0〉 = TA1P1(q2) (qz¯)3g⊥µν + · · · , (221)
i
∫
d4x eiqx 〈0|T
{
J3,A2, µ (x) , q¯1(0)z¯
λσνλγ5q2(0)
}
|0〉 = TA,αg1P1 (q2) (qz¯)4g⊥µν + · · · , (222)
i
∫
d4x eiqx 〈0|T
{
J3,A3, µ (x) , q¯1(0)z¯
λσνλγ5q2(0)
}
|0〉 = TA,σ1P1 (q2) (qz¯)4g⊥µν + · · · , (223)
respectively. To consider the light quark masses consistently to the O(αs), the currents needs
to be replaced by the renormalized ones as
J3,A1, µ −→ J¯3,A1, µ = J3,A1, µ +
αs
4π
2
9εˆ
(m1 +m2)z¯
α(iD · z¯)(q¯2σαµγ5q1) , (224)
J3,A2, µ −→ J¯3,A2, µ = J3,A2, µ +
αs
4π
1
10εˆ
(m1 +m2)z¯
α(iD · z¯)2(q¯2σαµγ5q1) , (225)
J3,A3, µ −→ J¯3,A3, µ = J3,A3, µ −
αs
4π
4
45εˆ
(m1 −m2)z¯α(iD · z¯)2(q¯2σαµγ5q1) . (226)
From the above results we obtain that fA3,1P1 and f
A
3,1P1
ω⊥1P1 mix with f
⊥
1P1
(mq1 +mq2), while
fA3,1P1σ
⊥
1P1
mixes with f⊥1P1(mq1 −mq2). As our results in the previous subsection, we did not
find any literature that can be used to compare with the present calculations. Again, in
analogy to the discussions after Eqs. (189) and (210), the relevant parameters can mix in
addition with f⊥1P1(mq1 +mq2)a
⊥,1P1
1 for f
A
3,1P1
, and with f⊥1P1(mq1±mq2)a
⊥,1P1
1 and f
⊥
1P1
(mq1±
mq2)a
⊥,1P1
2 for f
A
3,1P1
ω⊥1P1 corresponding to the upper sign and f
A
3,1P1
σ⊥1P1 to the lower sign. We
neglect the RG-corrections due to (mq1 ± mq2)a⊥,
1P1
1 and (mq1 ± mq2)a⊥,
1P1
2 in the present
calculations. The RG evolutions, containing the quark mass corrections, for the relevant
parameters are summarized in Appendix C.
We get
TA,OPE1P1 (q
2) = −(m1 +m2) αs
1152π3
ln
−q2
µ2
[
7 + 8 ln
−q2
µ2
]
−αs
9π
〈q¯1q1〉+ 〈q¯2q2〉
q2
+
59
1728
αs
π
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
q4
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉+ 〈q¯2q2〉) , (227)
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T
A,αg,OPE
1P1
(q2) = (m1 +m2)
αs
3200π3
ln
−q2
µ2
[
57− 10 ln −q
2
µ2
]
− αs
18π
〈q¯1q1〉+ 〈q¯2q2〉
q2
+
29
864
αs
π
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
q4
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉+ 〈q¯2q2〉) , (228)
and
TA,σ,OPE1P1 (q
2) = −(m1 −m2) αs
1440π3
ln
−q2
µ2
[185
24
− ln −q
2
µ2
]
− αs
18π
〈q¯1q1〉 − 〈q¯2q2〉
q2
+
αs
27π
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
q4
+(0 +O(αs))〈αsG2〉(〈q¯1q1〉 − 〈q¯2q2〉) . (229)
The resulting QCD sum rules read
e
−m21P1
/M2
f⊥1P1f
A
3,1P1
+ e
−m23P1
/M2
f⊥3P1a
⊥,13P1
0 f
A
3,3P1
λA3P1
= (m1 +m2)
αs
1152π3
∫ s1P10
0
(
7 + 16 ln
s
µ2
)
e−s/M
2
ds
+
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9π
(〈q¯1q1〉+ 〈q¯2q2〉) + 59
1728
αs
π
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
M2
,
(230)
e
−m21P1
/M2
f⊥1P1f
A
3,1P1
(
3
7
+
3
28
ωA1P1
)
+ e
−m23P1
/M2
f⊥3P1a
⊥,13P1
0 f
A
3,3P1
(
3
7
λA3P1 +
3
28
σA3P1
)
= (m1 +m2)
αs
3200π3
∫ s1P10
0
(
− 57 + 20 ln s
µ2
)
e−s/M
2
ds
+
αs
18π
(〈q¯1q1〉+ 〈q¯2q2〉) + 29
864
αs
π
〈q¯1gsσGq1〉+ 〈q¯2gsσGq2〉
M2
, (231)
and
e
−m21P1
/M2
f⊥1P1f
A
3,1P1
σA1P1 + e
−m23P1
/M2
f⊥3P1a
⊥,13P1
0 f
A
3,3P1
= (m1 −m2) αs
1440π3
∫ s1P10
0
(185
24
− 2 ln s
µ2
)
e−s/M
2
ds
+
αs
18π
(〈q¯1q1〉 − 〈q¯2q2〉) + αs
27π
〈q¯1gsσGq1〉 − 〈q¯2gsσGq2〉
M2
. (232)
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5.2.3 f⊥3,1P1, λ
⊥
1P1
, and σ⊥1P1
The coupling constants f⊥3,1P1, λ
⊥
1P1
, and σ⊥1P1 for 1
1P1 mesons are defined as the following
matrix elements
〈0|J3,⊥3 (0)|11P1(P, λ)〉 = if⊥3,1P1 (P z¯)2(ǫ(λ)z¯) , (233)
〈0|J3,⊥1 (0)|11P1(P, λ)〉 = if⊥3,1P1 λ⊥1P1(P z¯)(ǫ(λ)z¯) , (234)
〈0|J3,⊥2 (0)|11P1(P, λ)〉 = if⊥3,1P1
(
3
7
λ⊥1P1 +
3
28
σ⊥1P1
)
(P z¯)2(ǫ(λ)z¯) , (235)
where the interpolating currents have been given by Eqs. (184), (185), and (186). To
calculate these three parameters, we consider the following correlation functions,∫
d4x eiqx〈0|T
{
J3,⊥3 (x), q¯1(0)z¯
νσµνγ5q2(0)
}
|0〉 = −T⊥1P1(q2) (qz¯)3z¯µ + · · · , (236)∫
d4x eiqx〈0|T
{
J3⊥1 (x), q¯1(0)z¯
νσµνγ5q2(0)
}
|0〉 = −T⊥,λ1P1 (q2) (qz¯)2z¯µ + · · · , (237)∫
d4x eiqx〈0|T
{
J3,⊥2 (x), q¯1(0)z¯
νσµνγ5q2(0)
}
|0〉 = −T⊥,σ1P1 (q2) (qz¯)3z¯µ + · · · . (238)
It is interesting to note that the above correlation functions receive no contributions from
1− states. The OPE results of T⊥1P1(q
2) have the following forms
T⊥,OPE1P1 (q
2)
= − αs
720π3
q2 ln
−q2
µ2
− 〈αsG
2〉
36πq2
+
16παs
27q4
(〈q¯1q1〉2 + 〈q¯2q2〉2) + 8παs
9q4
〈q¯1q1〉〈q¯2q2〉)
+
αs
18πq2
[
9
2
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
−
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(
ln
−q2
µ2
+
1
3
)]
, (239)
T⊥,λ,OPE1P1 (q
2) = 0 · 〈αsG2〉 − 16παs
27q4
(〈q¯1q1〉2 − 〈q¯2q2〉2)
− αs
18πq2
[
7
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+ 4
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
ln
−q2
µ2
− 2
3
)]
. (240)
T⊥,σ,OPE1P1 (q
2)
= − αs
36πq2
[
5
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+ 4
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
ln
−q2
µ2
− 7
12
)]
+0 · 〈αsG2〉+ 0 · 〈q¯1q1〉〈q¯2q2〉+ (0 +O(α2s))
(
〈q¯1q1〉2, 〈q¯2q2〉2
)
. (241)
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Consequently, we obtain the sum rules
e
−m21P1
/M2
m1P1f
⊥
1P1
f⊥3,1P1 + e
−m23P1
/M2
m3P1f
⊥
3P1
a⊥,1
3P1
0 f
⊥
3,3P1
σ⊥3P1
=
αs
720π3
∫ s1P10
0
ds se−s/M
2
+
〈αsG2〉
36π
+
16παs
27M2
(〈q¯1q1〉2 + 〈q¯2q2〉2) + 8παs
9M2
〈q¯1q1〉〈q¯2q2〉
+
αs
18π
[
− 9
2
(
m1〈q¯1q1〉+m2〈q¯2q2〉
)
+
(
m1〈q¯2q2〉+m2〈q¯1q1〉
)(1
3
− γE − ln µ
2
M2
+ Ei
(
− s
1P1
0
M2
))]
, (242)
e
−m21P1
/M2
m1P1f
⊥
1P1
f⊥3,1P1λ
⊥
1P1
+ e
−m23P1
/M2
m3P1f
⊥
3P1
a⊥,1
3P1
0 f
⊥
3,3P1
= −16παs
27M2
(〈q¯1q1〉2 − 〈q¯2q2〉2) + αs
18π
[
7
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+4
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
− 2
3
− γE − ln µ
2
M2
+ Ei
(
− s
1P1
0
M2
))]
, (243)
and
e
−m21P1
/M2
m1P1f
⊥
1P1
f⊥3,1P1
(
3
7
λ⊥1P1 +
3
28
σ⊥1P1
)
+ e
−m23P1
/M2
m3P1f
⊥
3P1
a⊥,1
3P1
0 f
⊥
3,3P1
(
3
7
+
3
28
ω⊥3P1
)
=
αs
36π
[
5
(
m1〈q¯1q1〉 −m2〈q¯2q2〉
)
+4
(
m1〈q¯2q2〉 −m2〈q¯1q1〉
)(
− 7
12
− γE − ln µ
2
M2
+ Ei
(
− s
1P1
0
M2
))]
. (244)
Note that the calculation of Eq. (236) is actually analogous to that of fT3ρ for the ρ [9], where
there is no γ5 for the ρ. Neglecting the mass corrections in Eq. (242), our perturbative and
gluon-condensate contributions agree with Eq. (C.15) in Ref. [9], but the term of dimension-6
is different from theirs, where the sign difference due to γ5 has been considered.
5.3 Results
In the numerical analysis, we use f3P1, f
⊥
1P1
, s
3P1
0 , s
1P1
0 , and the masses for axial-vector
mesons, which have been obtained in the previous section, as inputs. We also adopt the
parameters given in Appendix C. The Borel window can thus be determined by means of
that the contributions arising from the higher resonances, including the continuum, and from
the term of the highest dimension in the OPE series are well under control. We find that
the suitable Borel window is 1.5 GeV2 < M2 < 2.5 GeV2 except that the Borel window is
2.5 GeV2 < M2 < 3.5 GeV2 for the ωV3P1 sum rule. The reason that we have to choose a
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higher Borel window for the ωV3P1 sum rule is because a lower Borel mass will lead to a slowly
convergence at the quark-gluon level; for instance, atM2 = 2.0 GeV2, the highest dimension
(dimension=6) term still gives a large correction, ∼ 33%, at the quark-gluon level. Instead,
during 2.5 GeV2 < M2 < 3.5 GeV2, the contribution arising from the highest dimension
term is about 14% ∼ 5%. On the other hand, because the average gluon momentum fraction
in an axial-vector meson is not less than zero, therefore we should have ωV3P1 ≥ −4, so that
the region for M2 < 1.6 GeV2 is strongly disfavored by the ωV3P1 sum rule.
As we evaluate G-parity invariant parameters for 13P1 states, the corrections receiving
from 11P1 states are negligible, and vice versa. Nevertheless, if calculating G-parity violating
parameters for the K1A (K1B) state, the corrections originating from the K1B (K1A) state
cannot be ignored. In the numerical study we use a⊥,K1A0 and a
‖,K1B
0 , given in Table 4,
as inputs. To obtain the relevant parameter in a sum rule, we replace the other twist-3
parameters using the corresponding sum rules. For instance, in evaluating σV3P1 , we substitute
fV3,3P1 and f
V
3,1P1
by the expressions given in Eqs. (163) and (214) into Eq. (165). Note that for
ωV3P1 , because the working Borel window is different from the others, we thus adopt directly
the values of fV3,3P1 given in Table 5 in the study.
We summarize the numerical results in Tables 5 and 6, where the theoretical errors are
due to variation of all inputs and the predictive uncertainty within the Borel window. To
illustrate the sum rule results, we plot the parameters for the a1(1260), K1A as functions of
the Borel mass squared in Figs. 4 and b1(1235), K1B in Fig. 5, where the central values of
input parameters given in Tables 2, 3, 4, and in Appendix C are used. For simplicity, we
do not plot the results for f1, f8, h1 and h8, which are analogous to the above ones. The
f⊥3,3P1 sum rule results obtained from Eq. (199) and from Eq. (193) are depicted. Because
the sum rule given in Eq. (193) exhibits badly convergent behavior (see the discussion after
Eq. (195)), we therefore choose to use the diagonal sum rule given in Eq. (199), where the
lowest lying pseudoscalar contribution is substituted by using Eq. (200). Although the sum
rule in Eq. (199) cannot determine the sign of f⊥3,3P1 , however there are two reasons that its
sign should be negative. First, Eq. (193) yields a negative f⊥3,3P1 at the largeM
2. Second, only
a negative f⊥3,3P1 can result in a physical value of ω
⊥
3P1
that should satisfy 0 ≤ ω⊥3P1 ≤ 16/3.
Finally, it should be noted that the main contributions of some sum rules for parameters
are due to the quark and quark-gluon condensates. These sum rules may suffer from the
contributions of higher resonances at hadronic level and radiative corrections at quark-gluon
level. The two effects may partially cancel each other and give about . 10% corrections to
the numerical results for parameters. See also the discussions in subsection 4.4.3. Here we
do not include these effects in Tables 5 and 6.
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Table 5: Parameters for twist-3 distribution amplitudes of 13P1 mesons at the scales µ = 1
GeV and 2.2 GeV (shown in parentheses), where fV3,3P1 , f
A
3,3P1
, and f⊥3,3P1 are in units of GeV
2.
a1(1260) f1 f8 K1A
fV3,3P1 0.0055± 0.0027 0.0055± 0.0027 0.0054± 0.0027 0.0052± 0.0027
(0.0036± 0.0018) (0.0036± 0.0018) (0.0035± 0.0018) (0.0034± 0.0018)
ωV3P1 −2.9± 0.9 −2.8± 0.9 −3.0 ± 1.1 −3.1± 1.1
(−2.9± 0.9) (−2.8± 0.9) (−3.0 ± 1.0) (−3.1± 1.1)
σV3P1 — — — −0.13± 0.16
— — — (−0.13± 0.16)
fA3,3P1 0.0022± 0.0009 0.0022± 0.0009 0.0028± 0.0009 0.0026± 0.0013
(0.0012± 0.0005) (0.0012± 0.0005) (0.0015± 0.0005) (0.0014± 0.0007)
λA3P1 — — — 0.57± 0.39
— — — (0.70± 0.46)
σA3P1 — — — 2.4± 2.0
— — — (2.4± 2.0)
f⊥3,3P1 −0.013± 0.002 −0.012± 0.002 −0.012± 0.002 −0.012± 0.002
(−0.009± 0.002) (−0.009± 0.002) (−0.009± 0.002) (−0.009± 0.002)
ω⊥3P1 −3.7± 0.4 −3.4± 0.4 −3.2 ± 0.6 −3.4± 0.6
(−2.9± 0.3) (−2.6± 0.3) (−2.4 ± 0.4) (−2.6± 0.4)
σ⊥3P1 — — — 0.07± 0.21
— — — (0.05± 0.15)
6 Models for LCDAs
6.1 Two-parton LCDAs of twist-two
We have calculated the first few Gegenbauer moments of leading-twist light-cone distribution
amplitudes of 13P1 and 1
1P1 mesons in Sec. 4.4 using the QCD sum rule technique. The
Gegenbauer moments of higher conformal spins may not be predictive in the QCD sum rule
approach owing to the divergence of the OPE series for relevant correlation functions. There-
fore the models for light-cone distribution amplitudes depend on the truncated conformal
expansions with the reliable Gegenbauer moments.
Here we take into account the approximate forms of twist-2 distributions for 13P1 mesons
as follows:
Φ‖(u) = 6uu¯
[
1 + 3a
‖
1 ξ + a
‖
2
3
2
(5ξ2 − 1)
]
, (245)
Φ⊥(u) = 6uu¯
[
a⊥0 + 3a
⊥
1 ξ + a
⊥
2
3
2
(5ξ2 − 1)
]
, (246)
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Table 6: The same as Table 5 except for 11P1 mesons, where f
V
3,1P1
, fA3,1P1, and f
⊥
3,1P1
are in
units of GeV2.
b1(1235) h1 h8 K1B
fV3,1P1 0.0052± 0.0018 0.0046± 0.0021 0.0045± 0.0020 0.0049± 0.0021
(0.0030± 0.0011) (0.0027± 0.0012) (0.0027± 0.0012) (0.0029± 0.0012)
λV1P1 — — — 0.07± 0.19
— — — (0.09± 0.24)
σV1P1 — — — 0.35± 0.73
— — — (0.31± 0.68)
fA3,1P1 −0.0058± 0.0023 −0.0053± 0.0023 −0.0055± 0.0023 −0.0065± 0.0029
(−0.0036± 0.0014) (−0.0033± 0.0014) (−0.0035± 0.0014) (−0.0041± 0.0018)
ωA1P1 −1.5± 0.4 −1.9 ± 0.6 −3.5± 1.0 −1.9± 0.6
(−1.4± 0.3) (−1.7± 0.4) (−2.9± 0.8) (−1.7± 0.4)
σA1P1 — — — −0.06± 0.05
— — — (−0.05± 0.04)
f⊥3,1P1 0.011± 0.006 0.012± 0.006 0.012± 0.005 0.012± 0.005
(0.006± 0.003) (0.006± 0.003) (0.006± 0.003) (0.006± 0.003)
λ⊥1P1 — — — 0.17± 0.17
— — — (0.25± 0.25)
σ⊥1P1 — — — −0.71± 0.53
— — — (−0.76± 0.56)
where ξ = 2u− 1 and a‖1, a⊥0 , a⊥2 are non-zero only for strange mesons. The above LCDAs of
pure 13P1 states are normalized as the normalization conditions∫ 1
0
duΦ‖(u) = 1, (247)∫ 1
0
duΦ⊥(u) = a
⊥
0 . (248)
In our convention, u is the momentum fraction carried by the q1 quark in an axial-vector
meson (and is therefore equivalent to the momentum fraction carried by the s quark in a
strange meson). Note that in this paper the strange mesons that we discuss should contain
an s quark, while for the LCDAs of strange mesons involving an s¯, the replacement u↔ 1−u
has to be made, namely ξ → −ξ. As for 11P1 mesons, we take the following approximation
(see also the discussions given in Ref. [18]):
Φ‖(u) = 6uu¯
[
a
‖
0 + 3a
‖
1 ξ + a
‖
2
3
2
(5ξ2 − 1)
]
, (249)
Φ⊥(u) = 6uu¯
[
1 + 3a⊥1 ξ + a
⊥
2
3
2
(5ξ2 − 1)
]
, (250)
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Figure 4: Some relevant parameters in determinations of three-parton distri-
bution amplitudes of twist-3 for the K1A (solid curve) and a1(1260) (dashed
curve) as functions of the Borel mass squared, where the central values of input
parameters have been used. The renormalization scale is set at µ ≃ 1.4 GeV
except that ωV3P1 is at µ ≃ 1.7 GeV. For f⊥3,3P1 , the lower two curves are derived
from Eqs. (199) and (200), and the upper two curves from Eq. (193).
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Figure 5: Some relevant parameters in determinations of three-parton distri-
bution amplitudes of twist-3 for the K1B (solid curve) and b1(1235) (dashed
curve) as functions of the Borel mass squared, where the central values of input
parameters have been used. The renormalization scale is set at µ ≃ 1.4 GeV.
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where a
‖
0, a
‖
2, and a
⊥
1 are non-zero only for strange mesons, so that the LCDAs of pure 1
1P1
states are normalized as the normalization conditions∫ 1
0
duΦ‖(u) = a
‖
0, (251)∫ 1
0
duΦ⊥(u) = 1 . (252)
Due to mixtures, we define the LCDAs of physical h1(1170), h1(1380), f1(1285), f1(1420)
mesons in Appendix D, and, on other hand, the LCDAs for K1(1270) and K1(1400) are
consequently given by
Φ
K1(1270)
‖ (u) =
fK1AmK1A
fK1(1270)mK1(1270)
ΦK1A‖ (u) sin θK +
fK1BmK1B
fK1(1270)mK1(1270)
ΦK1B‖ (u) cos θK , (253)
Φ
K1(1400)
‖ (u) =
fK1AmK1A
fK1(1400)mK1(1400)
ΦK1A‖ (u) cos θK −
fK1BmK1B
fK1(1400)mK1(1400)
ΦK1B‖ (u) sin θK , (254)
Φ
K1(1270)
⊥ (u) =
f⊥K1A
f⊥K1(1270)
ΦK1A⊥ (u) sin θK +
f⊥K1B
f⊥K1(1270)
ΦK1B⊥ (u) cos θK , (255)
Φ
K1(1400)
⊥ (u) =
f⊥K1A
f⊥K1(1400)
ΦK1A⊥ (u) cos θK −
f⊥K1B
f⊥K1(1400)
ΦK1B⊥ (u) sin θK . (256)
In Figs. 6 and 7, we plot the twist-2 light-cone distribution amplitudes for 11P1 and
13P1 states, including results for the physical mesons, h1(1170), h1(1380), f1(1285), f1(1420),
K1(1270) and K1(1400), at the scale µ = 1 GeV. Φ
1P1
⊥ (u) and Φ
3P1
‖ (u) are symmetric under
u ↔ 1 − u if neglecting SU(3) breaking effects, whereas Φ1P1‖ (u) and Φ
3P1
⊥ (u) are antisym-
metric.
The contents of h1(1170) and h1(1380) are dominated by their u¯u and s¯s components,
respectively, which are slightly different for θ1P1 = 10
◦ and 45◦. However, the s¯s component
of h1(1170) and u¯u component of h1(1380) become significant for θ1P1 = 10
◦. Analogously,
considering the real states f1(1285) and f1(1420), we find that only the s¯s fraction of f1(1285)
is a little sensitive to the singlet-octet mixing angle θ3P1 as changing θ3P1 = 38
◦ to be 50◦.
In particular, the Φ⊥ and Φ‖ for f1(1285) (or for f1(1420)) are predominated by their u¯u
(or s¯s) component. In Fig. 7(e), it is interesting to note that due to the mixture between
K1A and K1B, where the axial-vector mesons contain an s quark and a light anti-quark q¯,
we find that the q¯ (or s) carries a larger momentum fraction for the K1(1270) (or K1(1400))
meson with respect to θ = 45◦. Nevertheless, if θ = −45◦, the s (or q¯) instead carries a
larger momentum fraction for the K1(1270) (or K1(1400)) meson.
6.2 Two-parton LCDAs of twist-three
Using the equations of motion allows one to rewrite the two-parton LCDAs of twist-three in
terms of the leading-twist LCDAs and three-parton LCDAs of twist-3. Thus, substituting the
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Figure 6: Leading-twist light-cone distribution amplitudes, normalized at the
scale µ =1 GeV, for 11P1 states, where the central values of Gegenbauer mo-
ments given in Table 4 are used. u (u¯ ≡ 1−u) is the meson momentum fraction
carried by the quark (antiquark). In (a) and (c), the solid, long-dashed, short-
dashed and dot-dashed curves correspond to b1(1235), h1(singlet), h8(octet)
and K1B, respectively. In (b) and (d), the solid [short-dashed] and long-
dashed [dot-dashed] curves correspond to the u¯u [s¯s] contents of h1(1170)
and h1(1380), respectively, where θ1P1 = 10
◦(45◦) have been used for heav-
ier (lighter) curves. The definitions for the LCDAs of h1(1170) and h1(1380)
have been given in Appendix D.
twist-2 LCDAs specified by Eqs. (245), (246), (249), and (250), and three-parton LCDAs of
twist-3 specified by Eqs. (40)-(45) into Eqs. (55), (56), (67), and (68), we get the approximate
expressions in linear in quark masses (valid up to conformal spin 9/2):
g
(a)
⊥ (u) =
3
4
(1 + ξ2) +
3
2
a
‖
1 ξ
3 +
(
3
7
a
‖
2 + 5ζ
V
3,3P1
)(
3ξ2 − 1)
+
(
9
112
a
‖
2 +
105
16
ζA3,3P1 −
15
64
ζV3,3P1ω
V
3P1
)(
35ξ4 − 30ξ2 + 3)
+5
[
21
4
ζV3,3P1σ
V
3P1
+ ζA3,3P1
(
λA3P1 −
3
16
σA3P1
)]
ξ(5ξ2 − 3)
− 9
2
a¯⊥1 δ˜+
(
3
2
+
3
2
ξ2 + ln u+ ln u¯
)
− 9
2
a¯⊥1 δ˜− (3ξ + ln u¯− ln u), (257)
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Figure 7: Leading-twist light-cone distribution amplitudes, normalized at the
scale µ =1 GeV, for 13P1 states, and for K1(1270) and K1(1400) mesons,
where the central values of Gegenbauer moments given in Table 4 are used. u
(u¯ ≡ 1−u) is the meson momentum fraction carried by the quark (antiquark).
In (a) and (c), the solid, long-dashed, short-dashed and dot-dashed curves
correspond to a1(1260), f1(singlet), f8(octet) and K1A, respectively. In (b) and
(d), the solid [short-dashed] and long-dashed [dot-dashed] curves respectively
correspond to the u¯u [s¯s] contents of f1(1285) and f1(1420), where θ = 38
◦(50◦)
have been used for heavier (lighter) curves. The definitions for the LCDAs
of f1(1285) and f1(1420) have been given in Appendix D. In (e) and (f), the
solid (dashed) and dashed (solid) curves correspond toK1(1270) andK1(1400),
respectively, for θK = 45
◦ (θK = −45◦).
g
(v)
⊥ (u) = 6uu¯
{
1 +
(
a
‖
1 +
20
3
ζA3,3P1λ
A
3P1
)
ξ
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+[
1
4
a
‖
2 +
5
3
ζV3,3P1
(
1− 3
16
ωV3P1
)
+
35
4
ζA3,3P1
]
(5ξ2 − 1)
+
35
4
(
ζV3,3P1σ
V
3P1
− 1
28
ζA3,3P1σ
A
3P1
)
ξ(7ξ2 − 3)
}
− 18 a¯⊥1 δ˜+ (3uu¯+ u¯ ln u¯+ u lnu)− 18 a¯⊥1 δ˜− (uu¯ξ + u¯ ln u¯− u lnu), (258)
h
(t)
‖ (u) = 3a
⊥
0 ξ
2 +
3
2
a⊥1 ξ(3ξ
2 − 1) + 3
2
[
a⊥2 ξ + ζ
⊥
3,3P1
(
5− ω
⊥
3P1
2
)]
ξ (5ξ2 − 3)
+
35
4
ζ⊥3,3P1σ
⊥
3P1
(35ξ4 − 30ξ2 + 3) + 18a¯‖2
[
δ+ξ − 5
8
δ−(3ξ
2 − 1)
]
−3
2
(
δ+ ξ[2 + ln(u¯u)] + δ− [1 + ξ ln(u¯/u)]
)
(1 + 6a¯
‖
2), (259)
h
(p)
‖ (u) = 6uu¯
{
a⊥0 +
[
a⊥1 + 5ζ
⊥
3,3P1
(
1− 1
40
(7ξ2 − 3)ω⊥3P1
)]
ξ
+
(
1
4
a⊥2 +
35
6
ζ⊥3,3P1σ
⊥
3P1
)
(5ξ2 − 1)− 5a¯‖2
[
δ+ξ +
3
2
δ−(1− u¯u)
]}
− 3[ δ+ (u¯ ln u¯− u lnu) + δ− (uu¯+ u¯ ln u¯+ u lnu)](1 + 6a¯‖2), (260)
with the normalization conditions∫ 1
0
dug
(a)
⊥ (u) =
∫ 1
0
dug
(v)
⊥ (u) = 1 , (261)∫ 1
0
duh
(t)
‖ (u) = a
⊥
0 , (262)∫ 1
0
duh
(p)
‖ (u) = a
⊥
0 + δ− , (263)
for pure 3P1 states, and
g
(a)
⊥ (u) =
3
4
a
‖
0(1 + ξ
2) +
3
2
a
‖
1 ξ
3 + 5
[
21
4
ζV3,1P1 + ζ
A
3,1P1
(
1− 3
16
ωA1P1
)]
ξ
(
5ξ2 − 3)
+
3
16
a
‖
2
(
15ξ4 − 6ξ2 − 1)+ 5 ζV3,1P1λV1P1 (3ξ2 − 1)
+
105
16
(
ζA3,1P1σ
A
1P1
− 1
28
ζV1P1σ
V
1P1
)(
35ξ4 − 30ξ2 + 3)
− 15a¯⊥2
[
δ˜+ξ
3 +
1
2
δ˜−(3ξ
2 − 1)
]
− 3
2
[
δ˜+ (2ξ + ln u¯− ln u) + δ˜− (2 + ln u+ ln u¯)
]
(1 + 6a¯⊥2 ), (264)
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g
(v)
⊥ (u) = 6uu¯
{
a
‖
0 + a
‖
1ξ +
[
1
4
a
‖
2 +
5
3
ζV3,1P1
(
λV1P1 −
3
16
σV1P1
)
+
35
4
ζA3,1P1σ
A
1P1
]
(5ξ2 − 1)
+
20
3
ξ
[
ζA3,1P1 +
21
16
(
ζV3,1P1 −
1
28
ζA3,1P1ω
A
1P1
)
(7ξ2 − 3)
]
− 5 a¯⊥2 [2δ˜+ξ + δ˜−(1 + ξ2)]
}
− 6
[
δ˜+ (u¯ ln u¯− u lnu) + δ˜− (2uu¯+ u¯ ln u¯+ u lnu)
]
(1 + 6a¯⊥2 ), (265)
h
(t)
‖ (u) = 3ξ
2 +
3
2
a⊥1 ξ(3ξ
2 − 1) +
[
3
2
a⊥2 ξ +
15
2
ζ⊥3,1P1
(
λ⊥1P1 −
1
10
σ⊥1P1
)]
ξ(5ξ2 − 3)
+
35
4
ζ⊥3,1P1(35ξ
4 − 30ξ2 + 3)
+
9
2
a¯
‖
1 ξ
[
δ+ (ln u− ln u¯− 3ξ)− δ−
(
ln u+ ln u¯+
8
3
)]
, (266)
h
(p)
‖ (u) = 6uu¯
{
1 + a⊥1 ξ +
(
1
4
a⊥2 +
35
6
ζ⊥3,1P1
)
(5ξ2 − 1)
+ 5ζ⊥3,1P1
[
λ⊥1P1 −
1
40
(7ξ3 − 3)σ⊥1P1
]
ξ
}
− 9a¯‖1 δ+ (3uu¯+ u¯ ln u¯+ u lnu)− 9a¯‖1 δ−
(
2
3
ξuu¯+ u¯ ln u¯− u lnu
)
, (267)
with the normalization conditions∫ 1
0
dug
(a)
⊥ (u) = a
‖
0, (268)∫ 1
0
dug
(v)
⊥ (u) = a
‖
0 + δ˜−, (269)∫ 1
0
duh
(t)
‖ (u) =
∫ 1
0
duh
(p)
‖ (u) = 1 , (270)
for pure 1P1 states. Note that to include the corrections consistently in linear in quark masses,
in Eqs. (257)-(260) and (264)-(267) the parameters with the “bar” should be replaced by the
corresponding ones in the massless quark limit. For the physical h1(1170), h1(1380), f1(1285)
and f1(1420) mesons, their two-parton LCDAs of twist-3 are defined in Appendix D. The
LCDAs for K1(1270) and K1(1400) are given by
g
(a,v)K1(1270)
⊥ =
fK1AmK1A
fK1(1270)mK1(1270)
g
(a,v)K1A
⊥ sin θK +
fK1BmK1B
fK1(1270)mK1(1270)
g
(a,v)K1B
⊥ cos θK , (271)
g
(a,v)K1(1400)
⊥ =
fK1AmK1A
fK1(1400)mK1(1400)
g
(a,v)K1A
⊥ cos θK −
fK1BmK1B
fK1(1400)mK1(1400)
g
(a,v)K1B
⊥ sin θK , (272)
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h
(t,p)K1(1270)
‖ =
f⊥K1Am
2
K1A
f⊥K1(1270)m
2
K1(1270)
h
(t,p)K1A
‖ sin θK +
f⊥K1Bm
2
K1B
f⊥K1(1270)m
2
K1(1270)
h
(t,p)K1B
‖ cos θK , (273)
h
(t,p)K1(1400)
‖ =
f⊥K1Am
2
K1A
f⊥K1(1400)m
2
K1(1400)
h
(t,p)K1A
‖ cos θK −
f⊥K1Bm
2
K1B
f⊥K1(1400)m
2
K1(1400)
h
(t,p)K1B
‖ sin θK . (274)
Substituting the central values of parameters given in Tables 4, 5, and 6 into the above
equations, in Figs. 8-11 we plot two-parton LCDAs of twist-3 at the scale µ = 1 GeV.
The properties of twist-3 two-parton LCDAs are analogous to the cases of the leading-twist
LCDAs that we have given previously. It is interesting to note again that the LCDAs,
g
(a)
⊥ , g
(v)
⊥ , h
(t)
‖ , and h
(p)
‖ , for f1(1285) (or f1(1420)) are dominated by the u¯u (or s¯s) content
which is insensitive to singlet-octet mixing angle θ3P1 in the range 38
◦ < θ3P1 < 50
◦. More-
over, g
(a)
⊥ , g
(v)
⊥ , h
(t)
‖ , and h
(p)
‖ for h1(1170) (or h1(1380)) are dominated by the u¯u (or s¯s)
content for θ1P1 = 45
◦ but the s¯s (or u¯u) content becomes significant for θ1P1 = 10
◦.
6.3 Three-parton LCDAs of twist-three
The approximate three-parton LCDAs of twist-3 are given in Eqs. (40)-(45) and the relevant
parameters are summarized in Tables 5 and 6. For completeness and simplicity, we plot the
LCDAs for the a1(1260) and b1(1235) mesons in Fig. 12 to illustrate their behaviors.
7 Summary
The light-cone distribution amplitudes specified by the collinear twist can be expanded in
terms of the series of the so-called conformal partial waves. Each partial wave is characterized
by a specific conformal spin. For each conformal spin, the dependence of the distribution
amplitudes on the transverse coordinates is governed by the renormalization group equation,
while the dependence on the longitudinal coordinates is involved in ”spherical harmonics”
of the SL(2,R) group.
We have presented a detailed study of twist-2 and twist-3 light-cone distribution am-
plitudes of axial-vector mesons, based on the QCD conformal partial wave expansion. The
equations of motion allow us to obtain the relations among the twist-two and twist-three
light-cone distribution amplitudes [9], so that we can use a minimal number of independent
nonperturbative parameters to describe the distribution amplitudes. The conformal partial
wave related by equations of motion should correspond to the same conformal spin since
equations of motion in the QCD perturbative theory respect all symmetries given in the
classical level.
Our main results are as follows:
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Figure 8: Twist-3 light-cone distribution amplitudes g
(a)
⊥ at the scale µ =1 GeV,
where the central values of parameters given in Tables 4, 5 and 6 are used. In
(e), where θK = 45
◦, and in (f), where θK = −45◦, the solid and dashed curves
correspond to K1(1270) and K1(1400), respectively. Others are the same as
Figs. 6 and 7.
• In subsections 4.2 and 4.3 we have shown the sum rule results for the axial-vector
(tensor) decay constants of 13P1 (1
1P1) axial-vector mesons, where we have updated
the values for 11P1 states obtained in Ref. [16].
• Using Gell-Mann-Okubo mass formula, we have obtained the mixing angles for the
f8 (octet) and f1 (singlet) of 1
3P1 states to be θ3P1 ∼ 38◦, and for h8 (octet) and h1
(singlet) of 11P1 states to be θ1P1 ∼ 10◦. Thus the decay constants and light-cone
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Figure 9: Twist-3 light-cone distribution amplitudes g
(v)
⊥ at the scale µ =1 GeV.
Others are the same as Fig. 8.
distribution amplitudes for these states are determined.
• The sum rules for the first few Gegenbauer moments of the leading-twist light-cone
distribution amplitudes together with their numerical results have been given in sub-
section 4.4, where the SU(3) breaking effects relevant to the K1A and K1B states are
included. The results for 13P1 states, h1, h8 and for G-parity violating Gegenbauer
moments are new, while the results of G-parity invariant Gegenbauer moments for b1
and K1B (which are 1
1P1 states) are updated. In the sum rules, because the G-parity
violating Gegenbauer moments of 13P1 and 1
1P1 are always mixed togther, we thus
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Figure 10: Twist-3 light-cone distribution amplitudes h
(t)
‖ at the scale
µ =1 GeV. Others are the same as Fig. 8.
add a reasonable constraint
a⊥,K1A0
a
‖,K1B
0
mK1B fK1B f
⊥
K1B
mK1AfK1Af
⊥
K1A
= 1.0± 0.3 ,
which is a good approximation for G-invariant Gegenbauer moments, to obtain quali-
tative estimates. See the detailed discussions in subsection 4.4.3.
• In Sec. 5, using the QCD sum rules, the relevant G-parity invariant and violating
parameters for expanding the three-parton distribution amplitudes of twist-3 in terms
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Figure 11: Twist-3 light-cone distribution amplitudes h
(p)
‖ at the scale
µ =1 GeV. Others are the same as Fig. 8.
of conformal partial waves with conformal spin up to 9/2 have been evaluated, where
the SU(3) corrections have been contained. To determined not only the magnitudes
but also the relative signs for the parameters, one of the interpolating currents in the
two-point correlation functions is chosen to be the local axial-vector (or pseudo-tensor)
current in calculating the parameters for the 13P1 (or 1
1P1) state. All the results are
new. We have checked all the calculations very carefully since nobody did these before.
Only the sum rule calculation for f⊥3,1P1 is very similar to that for f
T
3ρ in SU(3) limit
(See the discussions after Eq. (244)). On the other hand, the resulting f⊥3,3P1 sum
rule is not reliable since the calculated OPE series is not well convergent. We further
resort to the diagonal sum rule for f⊥3P1 and this calculation can be found in Ref. [20],
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Figure 12: Twist-3 three-parton light-cone distribution amplitudes for the
a1(1260) and b1(1235) mesons at the scale µ =1 GeV: (a) f ≡ A for a1(1260) or
f ≡ V, T for b1(1235), (b) f ≡ V for a1(1260), (c) f ≡ T for a1(1260), and (d)
f ≡ A for b1(1235), where we have taken the central values of ω⊥a1, ωVa1 , and ωAb1,
given in Tables 5 and 6, as inputs. Here αq1 and αq2 are momentum fractions
carried by the quark and anti-quark in an axial-vector meson, respectively.
The gluon momentum fraction is substituted as αg = 1− αq1 − αq2 .
where the sum rule is used to study the coupling of the kaon. The diagonal sum rule
is stable and the sign for f⊥3P1 can be determined in an indirect way (See Sec. 5.1.3 for
more discussions). It should be noted that as G-parity violating parameters for 13P1
(11P1) states are computed, the corrections receiving from 1
1P1 (1
3P1) states have to
be considered.
• Adapting the EOM formulas derived in Ref. [9] for vector mesons to the present case,
the two-parton LCDAs of twist-three can be written in terms of the leading-twist
LCDAs and three-parton LCDAs of twist-3. The detailed results for twist-three three-
parton LCDAs are shown in Sec. 6.2. In the SU(3) limit, the detailed symmetric
properties of LCDAs of axial-vector mesons, as compared with that of the vector
mesons, are summarized in Table 1.
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• Using the conformal partial expansion, we presented the models for light-cone distri-
bution amplitudes, containing contributions with conformal spin up to 9/2, in Sec. 6.
• We have considered the strange quark mass corrections to distribution amplitudes for
the strange axial-vector mesons, K1(1270) and K1(1400). It is interesting to note that
Φ
3P1
⊥ (u),Φ
1P1
‖ (u), g
(a)1P1
⊥ , g
(v)1P1
⊥ , h
(t)3P1
‖ , h
(p)3P1
‖ have significant antisymmetric behaviors,
which should be phenomenologically attractive.
It should be noted that because corrections due the higher resonance and radiative correction
in OPE may partially cancel each other for non-diagonal sum rules, it is estimated that the
resultant errors for parameters of LCDAs may be ∼ 10%. On the other hand, because we
do not calculate the radiative corrections to the perturbative term in diagonal sum rules,
these corrections may also lead to ∼ 10% errors for results. However, since we do not do
the qualitative calculations about these effects, we thus do not include this possible error in
Tables 4, 5, and 6.
Recently, Belle has measured B− → K−1 (1270)γ and given an upper bound on B− →
K−1 (1400)γ [11]. Interestingly, the recent calculations [43, 44] of adopting LCSR (light-cone
sum rule) form factors [45] gave too small predictions for B(B− → K−1 (1270)γ) as compared
with the data. Since the physical states K1(1270) and K1(1400) are the mixture of K1A
and K1B which are respectively the pure 1
3P1 and 1
1P1 states, the light-cone distribution
amplitudes of K1A and K1B are relevant to the results of B → K1(1270) and K1(1400)
transition form factors. It is known that forK1B, Φ‖ is antisymmetric, while Φ⊥ is symmetric
in the SU(3) limit due to G-parity. Nevertheless, for K1A, Φ‖ becomes symmetric, while Φ⊥
is antisymmetric. The above properties were not correctly studied in the literature. Some
related researches will be published elsewhere [17].
Acknowledgments
This work was supported in part by the National Science Council of R.O.C. under Grant
No: NSC94-2112-M-033-001.
68
Appendices
A Spin Projections and Collinear Twist
Considering infinitesimal rotation xµ → x′µ = xµ + ǫµνxν in the four dimension, the general
field Φ(x) transforms as Φ′(x′) = [1 − ǫµν(xµ∂ν − xν∂µ − Σµν)]Φ(x) = [1 + iǫµνMµν ]Φ(x),
where Σµν is called the generator of spin rotations of the field Φ. For scalar, quark and gluon
fields, we have
Σµνφ(x) = 0, Σµνψ =
i
2
σµνψ, ΣµνAα = gναAµ − gµαAν , (A.1)
respectively, where Aµ ≡ T aAaµ. We can apply the following spin projections
P+ =
1
2
γ−γ+ , P− =
1
2
γ+γ− , P+ + P− = 1 (A.2)
on a quark field ψ to project its typical spin component, so that a quark field with a given
spin component s on the moving direction can be measured to be
Σ+−P±ψ = s±P±ψ = ±1
2
P±ψ . (A.3)
Recalling that the canonical dimension10 of a quark field is ℓ = 3/2, we can therefore de-
compose an arbitrary light-ray quark-antiquark current into different (collinear) twists (=
dimension − spin projection on the moving direction) components:
ψ¯2(x2−)Γψ1(x1−) = ψ¯2(x2−)P−ΓP+ψ1(x1−)︸ ︷︷ ︸
twist-2
+ ψ¯2(x2−)P+ΓP+ψ1(x1−) + ψ¯2(x2−)P−ΓP−ψ1(x1−)︸ ︷︷ ︸
twist-3
+ ψ¯2(x2−)P+ΓP−ψ1(x1−)︸ ︷︷ ︸
twist-4
, (A.4)
where Γ stands for a generic Dirac matrix structure. Note that, taking ψ¯2(x2−)P−ΓP+ψ1(x1−)
as an example, its (collinear) twist exactly equals to t = ℓ1 + ℓ2 − s1 − s2 = 2, while its
conformal spin is j = (ℓ1 + ℓ2 + s1 + s2 + n)/2 = j1 + j2 + n with n = 0, 1, 2, · · ·; in other
words, j is not a fixed value for a LCDA defined by a non-local composite field as seen in
Eq. (13). On the other hand, for a gluon field with the canonical dimension ℓ = 2, one can
find that
Σ+−G+⊥ = 1 ·G+⊥ ,
Σ+−G⊥⊥ = 0 ·G⊥⊥ , Σ+−G+− = 0 ·G+− ,
Σ+−G−⊥ = −1 ·G−⊥ , (A.5)
10Here we do not distinguish the canonical dimension ℓcan and scaling dimension ℓ.
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where, for instance, G+⊥ ≡ Gµνnµgνα⊥ and gνα⊥ = gνα − nνn¯α − nαn¯ν . In analogy to the
previous discussion, we can decompose an arbitrary light-ray quark-gluon-antiquark current
into currents with different twists:
ψ¯2(x2−)ΓgsGµν(x3−)ψ1(x1−) = ψ¯2(x2−)P−ΓgsGαβ(x3−)P+ψ1(x1−)(g
αµ
⊥ n
βn¯ν + nαn¯µgβν⊥ )︸ ︷︷ ︸
twist-3
+ ψ¯2(x2−)P+ΓgsGαβ(x3−)P+ψ1(x1−)(g
αµ
⊥ n
βn¯ν + nαn¯µgβν⊥ )︸ ︷︷ ︸
twist-4
+ ψ¯2(x2−)P−ΓgsGαβ(x3−)P−ψ1(x1−)(g
αµ
⊥ n
βn¯ν + nαn¯µgβν⊥ )︸ ︷︷ ︸
twist-4
+ ψ¯2(x2−)P−ΓgsGαβ(x3−)P+ψ1(x1−)(g
αµ
⊥ g
βν
⊥ + n
αn¯µn¯βnν + n¯αnµnβn¯ν)︸ ︷︷ ︸
twist-4
+O(twist-5,6,7) . (A.6)
B Operator Identities
The operator identities, which are used to obtain the integral equations, Eqs. (52), (53),
(64), and (65), are as follows:
q¯2(x)γµq1(−x) =
∫ 1
0
dt
∂
∂xµ
q¯2(tx) 6xq1(−tx)
+
∫ 1
0
dt t
∫ t
−t
dv q¯2(tx)gsG˜µν(vx)x
ν 6xγ5q1(−tx)
+ i
∫ 1
0
dt
∫ t
−t
dv v q¯2(tx)gsGµν(vx)x
ν 6 xq1(−tx)
− iǫµναβ
∫ 1
0
dt t xν∂α
[
q¯2(tx)γ
βγ5q1(−tx)
]
+ (mq2 −mq1)xν
∫ 1
0
dt t q¯2(tx)σνµq1(−tx) , (B.1)
q¯2(x)γµγ5q1(−x) =
∫ 1
0
dt
∂
∂xµ
q¯2(tx) 6xγ5q1(−tx)
+
∫ 1
0
dt t
∫ t
−t
dv q¯2(tx)gsG˜µν(vx)x
ν 6xq1(−tx)
+ i
∫ 1
0
dt
∫ t
−t
dv v q¯2(tx)gsGµν(vx)x
ν 6xγ5q1(−tx)
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− iǫµναβ
∫ 1
0
dt t xν∂α
[
q¯2(tx)γ
βq1(−tx)
]
+ (mq2 +mq1)x
ν
∫ 1
0
dt t q¯2(tx)σνµγ5q1(−tx), (B.2)
∂
∂xµ
q¯2(x)σµνγ5q1(−x) = −i∂ν q¯2(x)γ5q1(−x)−
∫ 1
−1
dv q¯2(x)x
αgsGαν(vx)γ5q1(−x)
+ i
∫ 1
−1
dv vq¯2(x)xρgsG
ρµ(vx)σµνγ5q1(−x)
− (mq2 +mq1)q¯2(x)γνγ5q1(−x) , (B.3)
q¯2(x)γ5q1(−x)− q¯2(0)γ5q1(0) = −
∫ 1
0
dt
∫ t
−t
dv q¯2(tx)x
ασαβxµgsG
µβ(vx)γ5q1(−tx)
+i
∫ 1
0
dt ∂α
{
q¯2(tx)σαβx
βγ5q1(−tx)
}
+i(mq2 −mq1)
∫ 1
0
dt q¯2(tx) 6xγ5 q1(−tx), (B.4)
where we have adopted the following notation to stand for the total derivative:
∂µ {q¯2(x)Γq1(−x)} ≡ ∂
∂yµ
{q¯2(x+ y)[x+ y,−x+ y]Γq1(−x+ y)}
∣∣∣∣
y→0
. (B.5)
Eqs. (B.1), (B.2), and (B.3) have been obtained in Refs. [41, 9], whereas Eq. (B.4) is new.
C Input parameters
The theoretical input parameters, used in our analysis, together with their respective ranges
of uncertainty are summarized here. We take into account αs(1 GeV) = 0.497 ± 0.005,
corresponding to the world average αs(mZ) = 0.1176±0.0020 [28], and the following relevant
parameters at the scale µ = 1 GeV [46, 40, 20, 39]:
〈αsGaµνGaµν〉 = (0.474± 0.120) GeV4/(4π) ,
〈u¯u〉 ∼= 〈d¯d〉 = −(0.24± 0.010)3 GeV3 , 〈s¯s〉 = (0.8± 0.1)〈u¯u〉 ,
(mu +md)/2 = (5± 2) MeV , ms = (140± 20) MeV ,
〈gsu¯σGu〉 ∼= 〈gsd¯σGd〉 = −(0.8± 0.1)〈u¯u〉, 〈gss¯σGs〉 = (0.8± 0.1)〈gsu¯σGu〉,
f3PS = (0.0045± 0.0015) GeV2 ,
spi0 = 0.8 GeV
2 , sf10 ≃ sf80 ≃ sK0 = 1.1 GeV2 ,
a⊥,K
∗
1 = 0.04± 0.03 , f⊥K∗ = (185± 10) MeV ,
a⊥,ρ2 = 0.2± 0.1 , a⊥,φ2 = 0.0± 0.1 ,
a⊥,K
∗
2 = 0.13± 0.08 .
(C.6)
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where the scale-dependence of operators is given by [46]:
mq(Q) = mq(µ)
(
αs(Q)
αs(µ)
)4/b
,
〈q¯q〉(Q) = 〈q¯q〉(µ)
(
αs(Q)
αs(µ)
)−4/b
,
〈gsq¯σ ·Gq〉(Q) = 〈gsq¯σ ·Gq〉(µ)
(
αs(Q)
αs(µ)
)2/(3b)
,
〈αsG2〉(Q) = 〈αsG2〉(µ), (C.7)
with b = (11Nc−2nf)/3. As described in Eq. (86), we adopt the vacuum saturation approx-
imation for describing the four-quark condensates, i.e.,
〈0|q¯Γiλaqq¯Γiλaq|0〉 = − 1
16N2c
Tr(ΓiΓi)Tr(λ
aλa)〈q¯q〉2 . (C.8)
Performing the analysis in analogy to that given in Ref. [9] and using the results in Refs. [47,
48, 49] and in Eqs. (187), (188), (189), (208), (209), (210), (224), (225), (226), we obtain
the LO scale-dependence of the twist-3 parameters with the light quark mass corrections as
below
[G-parity invariant components]:
fV3,3P1(Q) = L
Γ+2 /bfV3,3P1(µ), Γ
+
2 = −
1
3
CF + 3CG, (C.9)
(
fV3,3P1ω
V
3P1
+ 28
3
fA3,3P1
fV3,3P1ω
V
3P1
− 28
3
fA3,3P1
)
Q
= LΓ
−
3 /b
(
fV3,3P1ω
V
3P1
+ 28
3
fA3,3P1
fV3,3P1ω
V
3P1
− 28
3
fA3,3P1
)
µ
,
Γ−3 =
(
1
6
CF + 4CG
5
3
CF − 43CG
2
3
CF − 23CG 83CF + 73CG
)
, (C.10)
f⊥3,3P1(Q) = L
ΓT
+
2 /bf⊥3,3P1(µ)−
4
19
(
L4/b − LΓT
+
2 /b
)
(mq1 +mq2)(µ)f3P1,
ΓT
+
2 =
7
3
CF + CG, (C.11)
f⊥3,3P1ω
⊥
3P1
(Q) = LΓ
T
−
3 /bf⊥3,3P1ω
⊥
3P1
(µ)− 1
85
(
L4/b − LΓT
−
3 /b
)
(mq1 +mq2)(µ)f3P1,
ΓT
−
3 =
7
6
CF +
10
3
CG, (C.12)
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[G-parity violating components]:
fA3,3P1λ
A
3P1
(Q) = LΓ
−
2 /bfA3,3P1λ
A
3P1
(µ), Γ−2 = −
1
3
CF + 3CG, (C.13)(
28
3
fV3,3P1σ
V
3P1
− fA3,3P1σA3P1
28
3
fV3,3P1σ
V
3P1
+ fA3,3P1σ
A
3P1
)
Q
= LΓ
+
3 /b
(
28
3
fV3,3P1σ
V
3P1
− fA3,3P1σA3P1
28
3
fV3,3P1σ
V
3P1
+ fA3,3P1σ
A
3P1
)
µ
,
Γ+3 =
(
8
3
CF +
7
3
CG
2
3
CF − 23CG
5
3
CF − 43CG 16CF + 4CG
)
, (C.14)
f⊥3,3P1σ
⊥
3P1
(Q) = LΓ
T
+
3 /bf⊥3,3P1σ
⊥
3P1
(µ) +
1
37
(
L4/b − LΓT
+
3 /b
)
(mq1 −mq2)(µ)f3P1 ,
ΓT
+
3 =
23
6
CF + CG, (C.15)
for 13P1 states, and
[G-parity invariant components]:
fA3,1P1(Q) = L
Γ−2 /bfA3,1P1(µ)−
2
29
(
L16/(3b) − LΓ−2 /b
)
(mq1 +mq2)(µ)f
⊥
1P1
(µ), (C.16)(
28
3
fV3,1P1 − fA3,1P1ωA1P1
28
3
fV3,1P1 + f
A
3,1P1
ωA1P1
)
Q
= LΓ
+
3 /b
(
28
3
fV3,1P1 − fA3,3P1ωA1P1
28
3
fV3,1P1 + f
A
3,3P1
ωA1P1
)
µ
− 8
795
(
L16/(3b) − L560/(9b)
−L16/(3b) + L−560/(9b)
)
(mq1 +mq2)(µ)f
⊥
1P1
(µ), (C.17)
f⊥3,1P1(Q) = L
ΓT
+
3 /bf⊥3,1P1(µ), (C.18)
[G-parity violating components]:
fV3,1P1λ
V
1P1
(Q) = LΓ
+
2 /bfV3,1P1λ
V
1P1
(µ) +
2
29
(
L16/(3b) − LΓ+2 /b
)
(mq1 −mq2)(µ)f⊥1P1(µ),(C.19)(
fV3,1P1σ
V
1P1
+ 28
3
fA3,1P1σ
A
1P1
fV3,1P1σ
V
1P1
− 28
3
fA3,1P1σ
A
1P1
)
Q
= LΓ
−
3 /b
(
fV3,1P1σ
V
1P1
+ 28
3
fA3,1P1σ
A
1P1
fV3,1P1σ
V
1P1
− 28
3
fA3,1P1σ
A
1P1
)
µ
− 59
7080
(
L16/(3b) − L−896/(9b)
L16/(3b) − L896/(9b)
)
(mq1 −mq2)(µ)f⊥1P1(µ),
(C.20)
f⊥3,1P1λ
⊥
1P1
(Q) = LΓ
T
+
2 /bf⊥3,1P1λ
⊥
1P1
(µ), (C.21)
f⊥3,1P1σ
⊥
1P1
(Q) = LΓ
T
−
3 /bf⊥3,1P1σ
⊥
1P1
(µ), (C.22)
for 11P1 states, where CF = (N
2
c − 1)/(2Nc), CG = Nc and L ≡ αs(Q)/αs(µ).
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D The definitions of LCDAs of physical f1 and h1 mesons
For f1(1285), f1(1420), h1(1170) and h1(1380) mesons, denoted by B in the following, we
define the chiral-even LCDAs to be (with Q ≡ u, d, or s)
〈B(P, λ)|Q¯(y)γµγ5Q(x)|0〉 = ifDBmB
∫ 1
0
du ei(upy+u¯px)
{
pµ
ǫ∗(λ)z
pz
ΦB
Q
‖ (u) + ǫ
∗(λ)
⊥µ g
(a)BQ
⊥ (u)
−1
2
zµ
ǫ∗(λ)z
(pz)2
m2Bg
BQ
3 (u)
}
, (D.23)
〈B(P, λ)|Q¯(y)γµQ(x)|0〉 = −ifDBmB ǫµνρσ ǫ∗ν(λ)pρzσ
∫ 1
0
du ei(upy+u¯ px)
g
(v)BQ
⊥ (u)
4
, (D.24)
and the chiral-odd LCDAs to be
〈B(P, λ)|Q¯(y)σµνγ5Q(x)|0〉 = f⊥,DB
∫ 1
0
du ei(upy+u¯ px)
{
(ǫ
∗(λ)
⊥µ pν − ǫ∗(λ)⊥ν pµ)ΦB
Q
⊥ (u)
+
m2B ǫ
∗(λ)z
(pz)2
(pµzν − pνzµ) h(t)B
Q
‖ (u)
+
1
2
(ǫ
∗(λ)
⊥µ zν − ǫ∗(λ)⊥ν zµ)
m2B
p · zh
BQ
3 (u)
}
, (D.25)
〈B(P, λ)|Q¯(y)γ5Q(x)|0〉 = f⊥,DB m2B(ǫ∗(λ)z)
∫ 1
0
du ei(u py+u¯ px)
h
(p)BQ
‖ (u)
2
, (D.26)
where the distribution amplitudes are subject to the choices of the normalization constants
f⊥,DB with (i) D ≡ u for f1(1285), h1(1170), and (ii) D ≡ s for f1(1420), h1(1380). Here
we use the conventions for the decay constants that f⊥,uf1(1285) = f
u
f1(1285)
, f⊥,sf1(1420) = f
s
f1(1285)
,
fuh1(1170) = f
⊥,u
h1(1170)
(1 GeV), and f sh1(1380) = f
⊥,s
h1(1380)
(1 GeV). The relevant decay constants
can be found in Eqs. (91)−(94) and (105)−(108).
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